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SUMMARY 
The purpose of this investigation is to study a class of tunable 
active filters. The active filters of interest are realized by using 
ideal VCVS as active elements. The center-frequency or the cut-off fre-
quency of the filter is to be tuned within a range by varying the con-
trolled gains of the VGVS. Since active filters can be tuned by varying 
their active elements, they can be used to advantage in the design of 
electronically tuned filters. 
Tunable active filters have found applications in such areas as 
the analysis of seismic data, pattern recognition, and instrumentation. 
As the technology of tunable active filters improves, they should find 
additional applications in many other areas such as control, data trans-
mission, bioelectronics, and communications. Tunable active filters 
have received a great deal of attention and many investigations have 
been made in this area. 
The first class of tunable filter, the constant bandwidth, can be 
easily realized by using only one VCVS. It is possible to tune the 
center-frequency or the cut-off frequency of the filter by varying the 
gain of the VCVS. Thus, the realization of active tunable constant-
bandwidth filter is quite simple. 
The other class of tunable filter, the constant percentage band-
width, has been found particularly useful in the analysis of sound ex-
tending over a broad frequency range. ' ' " This is the class of 
filter to be investigated in this research. 
IX 
The synthesis of the network is confined to that of second-order 
transfer functions as needed for low-pass, high-pass, or band-pass func-
tions. This is to alleviate the high sensitivity of the pole positions 
to changes in the elements and to arrive at simple circuits. 
The approach is to find circuits containing controlled gains K fs 
2 1 0 
such that the coefficients of s , s , and s terms in the characteristic 
2 1 0 
equation can be dominated by the terms K_, K , and K„ or in reversing 
0 1 2 
order K , Kn, and K_. For such circuits, it is possible to tune the 
center-frequency or the cut-off frequency and at the same time keep the 
percentage bandwidth (or equivalently» Q) constant by simply changing 
the value of K . It was found that: 
1. At least two VCVS and a five-node network are needed. 
2. There is no practical advantage by increasing either the 
number of VCVS or the number of nodes. 
3. The controlled gains, K 's,of the VCVS should be kept at their 
minimum values so that the VCVS can be easily realized. 
4. The ideal characteristics of the filters are approached when 
the controlled gains of the VCVS are very much larger than unity. How-
ever, finite values of K.' s have to be used in actual circuits and result 
in slight changes in Q when the center-frequency or the cut-off frequency 
is tuned. 
5. The minimum required gains are found so that the change in Q 
will be within a given tolerance. 
6. The minimum required gains can be achieved with two VCVS and 
a five-node network. 
7. The minimum required gains do not change when the number 
of nodes and the number of VCVS are increased. 
8. Two VCVS and five-node network are used in realizing the 
filters. 
Using the approach described, eighty circuits are found for the 
band-pass sections, and thirty-three circuits each are found for the 
low-pass and the high-pass sections. 
Minimization on the magnitudes of the controlled gains is made 
to the derived sections. Further minimization on the number of the 
passive elements is done and results in fourteen final circuits for the 
band-pass sections, and six circuits each for the low-pass and the high-
pass sections. The input and output impedances of these final circuits 
are derived so that they can be utilized to the greatest advantage. 
Numerical examples are included to illustrate the designing of 
the band-pass, low-pass, and high-pass sections. An actual circuit was 
built in the laboratory using two commercially available operational 




In the past two decades, active network theory has received con-
siderable attention. Since the early work of Linvill, and Sallen and 
2 
Key, substantial progress has been made in the area of active filters. 
Active networks can not only realize all network functions reali-
zable by passive RLC networks, but also functions that are not realizable 
by the passive RLC networks. In addition, the synthesis of the active 
network is simpler than the synthesis of the passive network. The size 
of an active filter is usually smaller than the size of the passive fil-
ter of the same specification at low frequencies. With the advent of 
integrated-circuit technology, active filters frequently cost less than 
the corresponding passive filters. 
Many active filter realizations have been suggested ' ' ' ' based 
on the use of some basic active elements such as the negative impedance 
converter (NIC), the gyrator, controlled sources, the operational ampli-
fier, and the automatic phase-locked loop. The choice of using any one 
of these active elements depends upon the application. The question of 
which active element is most desirable for what application appears to 
be a matter of continuing development in the years to come. 
In recent years, tunable filters have been playing increasing 
roles In signal processing. In realizing a. tunable filter, active or 
passive elements must be varied in order to vary the frequency response 
2 
of the filter. Resistors and capacitors can be varied mechanically, or 
by using specialized devices such as raysistors and varicap diodes. 
These methods present practical problems, especially where high accuracy 
is important. Since active filters can be tuned by varying their active 
elements5 they can be used to advantage in the design of electronically 
tuned filters. 
Tunable active filters have found applications in such areas as 
the analysis of seismic data, pattern recognition, and instrumentations. 
As the technology of tunable active filters improves, they should find 
additional applications in many other areas such as control, data trans-
mission, bioelectronics, and communications. 
Some investigations had been made in the area of the tunable ac-
o 
tive filter. Kerwin and Shaffer demonstrated a circuit which is tun-
able both in selectivity and in frequency. Their circuit uses the state-
9 
variable approach of Kerwin, Huelsman, and Newcomb. The filter is com-
posed of four operational amplifiers. Three sets of resistors are used 
to independently tune the center frequency, Q, and the gain at the center 
frequency. One numerical example is shown in which the frequency range 
varies from 4421 to 39789 Hz with slight changes in measured Q and the 
gain at the center frequency. However, a close look at the approach, of 
Kerwin and Shaffer will show that the circuit is almost totally changed 
when th-e center frequency is tuned from one value to another. The method 
is equivalent to designing the whole new circuit for each frequency. 
Bruton used the general impedance converter (GIC) as the basic 
active elements for the tunable low-pass active filter. He used four-
quadrant analogue multipliers as the nonlinear network elements. The 
3 
concept of scale impedances and square-scale impedances is used; that 
is, the inductors, capacitors, and resistors £.re scaled into resistors, 
+ 
super-capacitors, and capacitors, respectively. The cut-off frequency 
of the filter is varied by means of a tuning voltage. A numerical ex-
ample for a low-pass filter with the pass-band ripple of 1 db is shown. 
The required tuning voltage is from -2.5 to +2.5 volts for tuning the 
cut-off frequency from 270 to 450 Hz. If varicap diodes had been used, 
we would have expected the similar result by using any conventional 
method of realizing active filters. This is because when the control 
voltage is changed, the capacitance is also changed and so Is the cut-
off frequency. 
11 
Kaehler has proposed a method of electronically tuning a filter 
transfer function by periodically switching network elements. The co-
efficients of the transfer function become functions of the pulsewidth-
to-period ratios of the switching elements. The cut-off frequency of 
the filter is tuned by varying the pulsewidth-to-period ratio. 
12 
Bruton applied the RC networks containing periodically-switched 
conductances with the frequency-scaling network functions. His method 
Is based on the evaluation of the response of a capacitance voltage to 
the application of an impulse at the input part of the network. By using 
periodically-switched conductances, the impulse response can be amplitude 
and time scaled; and, therefore, the transfer function can be frequency 
scaled. 
The impedance of the super-capacitor D is l/(s D). 
4 
Recent studies of active networks have shown that the poles of 
the transfer function of an active network can be very sensitive to the 
parameters of its active elements. This fact strongly suggests that the 
gains of the active elements can be used to tune the active filter. It 
is the purpose of this research to investigate this facet of active net-
work theory. 
The tunable band-pass filters fall into two broad classes: (1) 
The constant-bandwidth filters in which the difference between the upper 
cut-off frequency and the lower-cutoff frequency remains a constant over 
the tuning range. (2) The constant-percentage bandwidth (constant Q ) 
filters in which the ratio between upper cut-off frequency to the lower 
cut-off frequency remains a constant over the tuning range. The latter 
type of filter has been found particularly useful in the analysis of 
sounds extending over a broad frequency range ' * 
If the first type of filter, constant bandwidth, is needed, the 
gain-tuned active filter can be realized by using only one controlled 
source. Hence, this problem is a relatively simple one. One circuit 
for that purpose is shown in Figure 1. The voltage transfer function 
of this circuit is 
For a second-order transfer function of the form 
V „ A(s) out 
z 
V, as +bs+c 
m 






Figure 1. A Tunable Band-pass F i l t e r 
V, -G„C,Ks 
V1 C ^ s +s(G1C2+G2C2+G2C1)+G1G2(l-K) 
(1) 










Equation (4) indicates that the bandwidth of this filter is inde-
pendent of the amplifier gain, K. 
6 
The purpose of this research is to study a class of constant-Q 
tunable active filters. The active filters of interest are realized 
by using voltage-controlled voltage sources (VCVS). The center fre-
quency or the cut-off frequency of the filter is to be tuned within 
a range by varying the gains of the VCVS. 
7 
CHAPTER II 
GAIN-TUNED ACTIVE FILTERS 
USING VOLTAGE-CONTROLLED VOLTAGE SOURCES 
In the area of active filter synthesis., It is sufficient and de-
sirable to confine the study to the realization of various second-order 
transfer functions needed for low-pass, high-pass and band-pass functions 
in normalized form. This Is to alleviate three fundamental problems of 
active RC synthesis: 
(1) Attempts to obtain higher than second-order functions in a 
single structure with one or more active elements lead to a higher sen-
sitivity of the pole positions to changes in the elements than necessary. 
(2) The pole positions become highly sensitive functions of poly-
nomials, thereby making it extremely difficult to realize a desired set 
of poles by achieving a given set of polynomial coefficients. This pro-
blem Is particularly serious in the use of state-variable synthesis 
methods. 
(3) Higher-order circuits are difficult to design. When higher-
order systems are needed, they can be synthesized by the cascade con-
nection of the first- and second-order functions. (Of course, any first-
order functions with real poles can be conveniently realized by standard 
methods of passive RC network synthesis.) 
In this research, we will concern ourselves primarily with active 
RC networks in which the active elements are VCVS. The VCVS will be 
assumed to have ideal characteristics, that is, infinite input impe-
dance, zero output impedance, zero reverse transmission and ideal phase 
shift (either zero or 180°). The passive elements will be resistors 
and capacitors only. We will consider only the lumped, linear and time-
invarying resistors and capacitors, for these are the prime passive ele-
ments of linear integrated circuits. 
One possible solution of finding gain-tuned active filters with 
Q being kept constant while using the gains of the VCVS to vary the 
center frequency is to find a circuit such that the voltage-transfer 






V. a E^s + bK^s + 1 
We then have, 
uo = IK"' ( 6 ) 
Q. = r (?) •0 b 
AQ = gain at a C8) 
bK0 
If we could obtain the circuit that gives the voltage-transfer function 
as in (5), we can use K^ to control u~ while keeping Q_ constant. 
9 
An alternative voltage-transfer function will be 
V d's 
o 
V. a,2s2 + b'KAs + K£ i 0 0 
(9) 
The corresponding equations for w , Qn, and An are: 
Ko *0 = ^ do) 
Q0 = §; ( I D 
Ao = d £ W 
Equations (10), (11), and (12) are similar to (6), (7), and (8) except 
that in the later set w„ is directly, instead of inversely, propor-
tional to K_ . 
For practical reasons, the gains of the VCVS should be made as 
small as possible. One of the advantages for using low gains is that 
the VCVS can be realized more easily. Low gains also reduce the like-
lihood of oscillations due to parasitic feedbacks. On the other hand, 
since the approximation that these gains are much greater than unity will 
be used, this approximation would be improved if high gains are used. 
Hence, a compromise must be made between these two conflicting require-
ments. This compromise is accomplished by making the gains just large 
enough to satisfy the approximation requirement. 
It will be shown in the following development that: 
(I) The minimum required number of VCVS is two. 
10 
(II) The minimum required number of nodes In each filter section 
is five. 
A 
(III) The minimum required gain for the VCVS does not change 
when the number of nodes Is increased. 
Proof of Statement (I) 
2 
The denominators of (5) and (9) have both the terms K- and K_. 
We cannot use only one VCVS with gain K- to give both the terms K and 
2 
K . Therefore the minimum required number of VCVS is two. 
Proof of Statement (II) 
With two VCVS and a flexible number of nodes, the network can be 
realized in the configurations shown in Figures 2, 3, and 4. We will 
consider first Figure 2. The output, V , can be taken from any node 
n, n > 3. We shall use the following notation: 
y = the sum of all generalized admittances 
;rr 
connected to node r. 
y = the negative of the sum of all generalized 
pq 
admittances connected between nodes p and q. 
V = the Laplace transform of the voltage at node 
r 
r with respect to ground (node n+1). 
Summing the currents at nodes 1 to n gives the following equation: 
* This is the minimum value of Kn, as defined in (5) or (9), which is re-






Figure 2. The Configuration §1 of the Two-VCVS Network 
yll Y12 y13 
y21 y22 y23 
y31 Y32 y33 
yil yi2 yi3 
yjl yj2 yj3 
ynl Yn2 yn3 
• • • y l i ' • y l j ' • y l n " V l l 
• • • y 2 1 ' • y 2 j • • y2n V 2 
• • • y 3 i ' • y 3 j • • y3n y 3 | 
• ft • * » ft * ft ft ft 
• • • y i i • y i j • " y i n v. 
ft 4 • ft 4 • • a ft ft 
• • - y n 
• y j j ' ' y j n 
v. 
. J 
. . . • • 




We also have 
V0 = K1V1 = K.V. 2 1 1 1 xn 
(14) 
and V. = K V. 
J 2 l 
(15) 




+ K i y 3 2 
yil+Klyi2 
y n+K-y n 7nl 1 n2 
VIN+ 
y13 • • ( y u + V i j
5 * - y in 
y33 • • ^ s i + V s j 5 " * y3n 
y i 3 • ' ( y i i + K 2 y i j ) • • y i n 






When an output is taken from any node n, n >_ 3, the denomi-






















Figure 3. The Configuration #2 of the Two-VCVS Network 
From (17), we see that D(s) is composed only of the term (K ) and 
1 2 
(K?) . We cannot have both the terms K„ and Kn simultaneously. There-
fore, if one of the VGVS is connected to the input voltage, we cannot 
have D(s) of (5) or (9). 
We will consider next the network of Figure 3. 
Putting K1V2 (18) 
and K2V3 K1K2V2 
(19) 









( y 22 + K l y 23 + K l K 25 '24 ) y 25 y 26 " ' y 2n 
( y 5 2 + K l y 5 3 + K l K 2 y 5 4 ) y 55 y56 " ' y5n 
( y 6 2 + K l y 6 3 + K l K 2 y 6 4 ) y 65 y66 ' ' y6n 






When an output is taken from any node n, n >_ 2, the denomi-
nator of the voltage-transfer function is 
D(s) = 
(y22+Kly23+KlK2y24> y25 y26 " ' y2n 
(y52+Kly53+KlK2y54) y55 y56 * ' y5n 
(y62+Kly63+KlK2y64) y65 y66 ' * y6n 
(y „+K y +K-K„y .) y y , y 
•/n2 J/n3 1 2Jn4 yn5 no nn 
(21) 
If n = 4, 
D ( S ) = y 2 2
+ K 1 y 2 3
+ K i K 2y24 (22) 
From (22), even though we can have the terms Kn and Kn simultaneously by 
2 
letting K1 = -K_ and K_ = K_, we fail to obtain the term with s . There-
fore the configuration of Figure 3 cannot yield a D(s) of the second 
order. 
15 
If n = 5, 
D(s) = y22y55-
y25y52+Kl(y23y55-y25y53)+KlK2(y24y55"y25y54) ( 2 3 ) 
From (23) we found that it is possible to have D(s) in quadratic form. 
And with proper values of K and K , we can have D(s) in the forms of 
(5) or (9). 
There are three possible choices of K's: 
(i) K1 = -KQ (2A) 
(iii) If we let 
K2 - K (25) 
(ii) Kx = -KQ (26) 
K9 = ~ (27) 
2 K0 
V4 = K2V2 (28) 
Then another choice of K's is 
Kx = -KQ (29) 
K2 = "K0 ( 3 0 ) 
16 
The synthesis for three choices of Kvs yield, the same network with some 
modifications. 
We will analyze the circuit with choice (i) of K's as given in 
(24) and (25). From (23) 
DCs) = (y22y55-
y25y52)-K0(y23y:--y25y53)-K0(y2Ay55-y25y54) (31) 
= D1(s) + K0D2(s) + KQD 3(S) (32) 
where 
D l ( s ) = y 2 2 y 5 5 " y 2 5 y 5 2 ( 3 3 ) 
D 2 ( S ) = y 2 5 y 5 3 - y 2 3 y 5 5 (34) 
D 3 C S ) = y 2 5 y 5 4 - y 2 4 y 5 5 (35) 
We will define: 
r 2 2 
I C = t h e c o e f f i c i e n t of s - t e r m i n D ( s ) (36) 
D rCr = 1 , 2 , 3 )
 r 
I CG = t h e c o e f f i c i e n t of s - t e r m i n D ( s ) (37) 
D r ( r = 1 , 2 , 3 )
 r 
£ G = t h e c o e f f i c i e n t of s - t e r m i n D ( s ) (38) 
D r ( r = 1 , 2 , 3 )
 r 
17 
If the voltage-transfer function of (5) is desired, D (s) must 
2 
be a function of s only. We have 
Thus, 
D1(s) = s
2l C2 + si CG + I G2 (39) 
Dl Dl Dl 
D2(s) = s
2y C2 + si CG (40) 
D2 D2 
D (s) = s2l C2 (41) 
D3 
D(s) = s2(l C2 + K j C2 + K^l CZ) + sCl CG + K J CG) + I G (42) 
Dl D2 D3 Dl D2 Dl 
We use the assumption that Kn >> 1 and approximate the coeffi-
2 2 
cient of s -term by the term with K_ only. 
DCs) = s2KfJ C2 + s(_l CG + K j CG) + £ G2 (43) 
D3 Dj D2 Dx 
We let 




D(s) = s2K^ C2 + s(l+A)Kj CG -*- J G2 (45) 
D3 B2 Di 
We have 
I C2I G2 
iD3 Dl 
Q0 = — (46) 
(1+A)£ CG 
From (44) and (46) we see that if K„ is very large, then A - 0 
and Q„ is independent of Kn< 
We substitute (44) into (46), 
I c 2 i G2 
JD S_. AK„ 
Q = ' - 3 _ I 0 - (47) 




K ° = Q°~r • / T W ^ (48) 
i D 3 D l 
We will show that 
D3(s) C V
s ) (49) 
From (33) and (35) 
19 
VS) = y22y55 •" y25y52 (33) 
D3(s) = y25y54 - y24y55 (35) 
In order for the filter to be stable, both D1(s) and D„(s) must be 
positive definite. 
D 3 ( S ) = y 2 5 y 5 4 -y 2 4 y 5 5 f. y2 2y5 5-
y25y52 =: V s ) ( 5 0 ) 
That is 
D3(s) C D1(s) (51) 
From (51) it is also true that 
r 2 v ? 
I C Q I Z (52) 
D3 Dx 
For D1(s) as in (33), it is easy to show that we always have 
\ C2I G2 
JD1 Dl 1 
minC — — ) = ~ (53) 
I CG 2 
D, 




K - Qn —— • r ^ r - r
 (54) 
° ° A I C2£G2 
i D 3 Dl 
I CG 
(1+A) D 
> Q o r r 2V~ 2 
D l D l 
1 2QQ
 ( 1 + A ) 
(1+A) 
KQ - 2QQ _ (55) 
m m A 
If the voltage-transfer function of form (9) is desired, we 
must let D„(s) be a function of s only. That is, 
D (s) = I GZ 4 s£ GC + s2l C2 (56) 
Dl Dl Dl 
D2(s) = I G + s£ CG (57) 
D- D„ 
I I 
D„(s) = £ G2 (58) 
D3 
21 
D(s) = s2£ C2 + s(£ CG + JLj CG) (59) 
Dl Dl :D2 
+ I G2 4 K I G2 + K2^ G! 
Dl D2 D3 
We use the assumption that K >> 1 and approximate the coef-
0 2 
ficient of s -term by the term with K^ only. 
D(s) = s2£ G2 + s(£ CG + K I CG) + K?J G2 (60) 
Dl Dl D2 D3 
From (44), 
D(s) = s2^ C2 + s(l+A)Kj CG + K2£ G2 (61) 
Dl D2 D3 
We have 
2v „2 
I CL G 
Qn = ~ - — (62) 
(1+A)£ CG 
Drt 
Equation (62) is similar to (46), we substitute (44) into (62) and 
rearrange the equation to be in the form of (48). 
I CG 
(1+A) D 
K = Qn ' ~r- o o (63) 
0 ° A ffc2 ^G2 
iDl D3 
22 
From (51) we have shown that D (s) (̂  D-(s), therefore, 
I G C [ G 2 (64) 
D 3 D l 
I CG 
(1+A) D 
Kn = Qn * 1 \ 9 (65) 
0 ° A /TCTG 1 
i Dl D3 
I CG 
(1+A) D, 
> Q - x0 / v A VA A I C/ £G< 
Dl Dl 
(1+A) 
> 2Q — 
(1+A) 
'm in A 
K Q = 2QQ — (66) 
We see that the condition for K_ remains the same for the 
min 
voltage-transfer functions of (5) and (9). 
In general, for any n, if the choices of K's are chosen as in 
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For either the voltage-transfer functions of (5) or (9), the 
proof will follow that for n = 5. In both forms, we need to show that 
D3(s) C V
S ) (70) 
But from (67), we see that D (s) contains the term (y^y^cY^* * *y ) 








Figure 4. The Configuration //3 of the Two-VCVS Network 
The minimum required gains for Figure 3, with n >_ 5, is 
K - 90 -^±^-0 . " 2Q0 A 
m m 
(71) 
The proof for choices (ii) and (iii) are similar to that for 
choice (i). 
We will consider next Figure 4. 
Putting 
V3 - KXV2 
and 
(72) 
V5 = K2 V4 
(73) 
25 







(y22+Kly23} (y24+K2y25) y26 ' * y2n 
(y42+Kly43} (y44+K2y45} y46 y4n 
(y62+Kly63} (y64+K2y65} y66 ' ' y6n 







When an output is taken from any node n, n >_ 2, the denominator 
of the voltage-transfer function is 
DCs) = 
C y 2 2 + K l y 2 3 ) ( y 24 + K 2 y 25 } y26 
C y 4 2 + K l y 4 3 ) ( y 44 + K 2 y 45 } y26 
C y 6 2 + K l y 6 3 ) ( y 6 4 + K 2 y 6 5 ) y66 
(y 0+Kny . ) (y .+K„y _.) y , 






For n = 4 
DCs) = y44(y22+Kly23} " y24(y42+Kly43} (76) 
0 2 
(76) is the function of (K-,) only, therefore we cannot have Kn and K 1' 
terms simultaneously. 
For n = 5, 
26 
D ( s ) = (y22y44"y24y42) f Kl(y23y44~y24y43) ( 7 7 ) 
+K2(y22y45~y25y42) + KlK2(y23y45-25y43} 
From (77) with proper values of K's, it is possible to have D(s) in 
the form of (5) or (9). There are three choices of K's: 
(i) Kx = -KQ (78) 
K2 = -KQ (79) 
(ii) K_ = | (80) 
1 K0 
K2 . -K* (81) 
(iii) Kx = -KQ (82) 
K9 = ~ (83) 
1 K o 
The proof for network configuration of Figure 4 will follow 
that of Figure 3. 
If the choice (i) of K's as in (78) and (79) is used, for 
any n, n >_ 5, 
(y22-K0y23} Cy24-K0y25) y26 
(y42-K0y43} (y44-K0y45} y46 
(y62-K0y63} (y64-K0y65} y66 





y22 y24 y26 ' ' y2n 
^42 y44y46 "' y4n 
y62 y64 y66 ' ' y6n 
yn2 yn4 Yn6 '" ynn 
-K, 
y23 y24 y26 
y43 y44 y46 
y63 y64 y66 
yn3 yn4 Yn6 
K, 
y22 y25 y26 "" y2n 
y42 y45 y46 ••" y4n 
y62 y65 y66 ' " y6n 
yn2 yn5 Yn6 ' ' Ynn 
+K 
y23 Y25 y26 
y43 Y45 y46 
y63 Y65 y66 
Yn3 yn5 Yn6 
D(s) = D1(s)+K0D2(a)+K()D3(s) 
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Vs) = 
y22 y24 y26 
y42 y44 y46 
y62 y64 y66 






yn2 yn4 yn6 *" y nn 
(86) 
D2(s) = 
y23 y24 y26 
y43 y44 y46 
y63 y64 y66 
.. y 2r 
y4n 
.. y 6n 
yn3 yn4 yn6 '" y nn 
y22 y25 y26 
y42 y45 y46 







yn2 yn5 Yn6 ' ' Ynn 
(87) 
D3(s) = 
y23 y25 y26 
y43 y45 y46 
y63 y65 y66 






For either the voltage-transfer function of (5) or (9), the 
proof will follow that of Figure 3 with n = 5. In both forms, we 
need to show that 
D3(s) <Z D1(s) (89) 
From (86), we see that D (s) contains the term 
29 
(y22y44y66y77 
y ) which includes all terms in D?(s) and D„(s). 
Therefore we always have (89) satisfied. 
The minimum required gains for Figure 4 when the first choices 
of K's is chosen will be the same as that of Figure 3, that is, for 
n = 5, 





If choice II of K's as in (80) and (81) is used, then for any 
n, n > 5, 
D(s) = 
^22+ fy23 } (y24-K0y25} y26 ' 
(y42+ ^ y 4 3 } (y44-K0y45} y46 
(y62+ l0







( y n 2 + l 0
y n 3 } ( y n4- K 0 y n5 } yn6 '"* ynn 
(91) 
With the assumption that K >> 1 , (91) can be approximated 
and rearranged as 
D(s) = D1(s)+K()D2(s)+K0D3(s) (92) 
30 
D1(s) 
y22 y24 y26 
y42 y44 y46 




• • y 
4n 
6n 
yn2 yn4 yn6 ' *' y nil 
(93) 
D2Cs) 
y23 y25 y26 
y43 y45 y46 







yn3 yn5 yn6 '*' y nn 
(94) 
D3(s) 
y22 y25 y26 
y42 y45 y46 
y62 y65 y66 
•• y 
•• y 




yn2 yn5 yn6 ' ' ynn 
(95) 
For either the voltage-transfer functions of (5) or (9), the 
proof will follow that of Figure 3 with n = 5. In both forms, we 
need to show that 
D3(s) C V
S ) (96) 
From (93) , we see that D-. (s) contains the term 
31 
^??yLL?'(\$il """ y ^ which includes all terms in D9(s) and D (s) . 
Therefore we always have (96) satisfied. 
The minimum required gains for Figure 4 when choice (ii) of K's 
is used will be the same as that for choice (i). When choice (iii) of 
K's is used we will have the same circuit as the choice (ii) with K 
and K„ interchanged. 
We have shown all possible configurations for circuit of two 
VCVS and flexible number of nodes, the minimum number of nodes for 
Figures 3 and 4 is five. When the number of nodes is increased there 
is no change in the minimum required gains of the VCVS. Therefore it 
is sufficient to use only five nodes. 
Proof of Statement (III) 
If three VCVS are given, then D(s) can be realized in one of the 
three forms: 
(i) D(s) = a0+a.LK0s+a2KQS
2 (97) 
or DCs) = a'Kg+ajK s+a's2 C98) 
(ii) DCs) = bQ+b^s+b^s^fb^KQS3 (99) 
or D(s) = b^KQ+bjK2s+b^K0s
2+b^s3 (100) 
(iii) D(s) = (C 0+C 1K 0)+C 2K
2S+C 3KQ S
2 C101) 
The derivation of these expressions are given in Appendix A. 
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or DCs) = C^KQ+CJKQS+CC'^CQ+CPS2 (102) 
If D(s) is chosen to be of the form as in (97), we have already 
found that two VCVS can be used to synthesize D(s). Therefore it is not 
necessary to use three VCVS. One example of this would be the use of 
two VCVS of gains vK^ connected in cascade to give the equivalent of 
one VCVS of gain K . 
If D(s) is chosen to be of the form as in (99), then D(s) is of 
third order polynomials of s in which we are not interested. 
If D(s) is chosen to be of the form as in (101), then one addi-
tional approximation has to be made. That is, approximating the coef-
ficient of s -term by the term containing Knonly. 
2 3 2 
D(s) - C^KQ+C-K^S+C-ICS 
VCl+c2K0S+c3K0s2) 
(103) 
We found that (103) is similar to (97) except for the factor of Kn< 
This common factor K„ has no effect on the tuning of the center fre-
quency and at the same time keeping Q constant. The only effect that 
this common factor Kn has is the reducing of the gain of the voltage-
transfer function. Therefore, there is no need to use three VCVS since 
we can realize (97) with only two VCVS. 
If D(s) is chosen to be cf the forms as in (98), (100), or (102), 
the analysis is similar to that of (97), (99), or (101), respectively. 
It can be shown in general that there is no advantage of using 
more than the necessary two VCVS. 
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CHAPTER III 
DERIVATION OE BAND-PASS FILTER CIRCUITS 
In this chapter we shall make a detailed study of second-order 
VIN 1 
2 














- - - -
Figure 6. The Configuration #3 of the Two-VCVS Network with n=5 
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band-pass filter sections based on the method developed in Chapter 11. 
We shall synthesize these filter sections from the basic network con-
figurations shown in Figures 5 and 6, which are the special cases of 
Figures 3 and 4 with n = 5. 
Band-pass Filters Based on the Configuration of Figure 5 
For the network configuration of Figure 5, the denominator of the 
voltage-transfer function is 
DCs) = ^22y33~y23y32^ ^104) 
+KlCy22y34-y24y32) 
+KlK2(y22y35"y25y32:) 
The constant-Q, tunable active band-pass filter can be obtained 
by having either terminal 3 (or equivalently, 4 or 5) be the output; 
or terminal 2 be the output. 
Filters Obtained by Using Terminal 3 as Output 
If the output is to be taken from terminal 3, the numerator of 
the voltage-transfer function is 
If the output is taken from terminal 4, 
N(s) == K1(y21y32-y22y31) 
If the output is taken from terminal 5, 
N(s) = K1K2(y21y32-y22y31) 
In either case the type (BP.,LP., or HP.) of the filter remains unchanged 
35 
N ( S ) = y 2 1 y 3 2 - y 2 2
y 3 i C 1 0 5 ) 
for this configuration to be a band-pass section, N(s) must be the 
function of the first-order of s only. Therefore, we must have 
y31 • o (106) 
Thus N ( S ) = y 2 i y 3 2
 ( 1 0 7 ) 
(i) If we choose K = -K and K = K , then 
DCs) - Cy22y3ry23y32) (108) 
•K0(y22y34"y24y32) 
•K0(y22y35-y25y32) 
Equations (107) and (108) will be the basic equations for realizing 
the filters. After searching all possible combinations of y s, eight 
circuits as shown in Figures 7 to 14 are found. However, it is most con-
venient to present these circuits starting with two basic circuits of 
Figures 7 and 8. 
The number of admittances between each node and ground is kept at the 
minimum. If we remove this restriction, the number of possible cir-
cuits can be increased indefinitely. For example, any admittance may 
be connected between the output of the VCVS and ground without alter-
ing the performance of the filter. 
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For the circuit of Figure 7: 
N(s) = G1C1s (109) 
D(s) = s {C1C2(1-K1K2) + CC1C3+C2C3) Cl-I^) } + sfG^C-j+C^ 
(110) 
+ (G1+G3) (C-j+C^ - K1C3(G1+G3) - K ^ G . j } + G2(Gj+G ) 
S 2 { C I C 2 ( 1 + K Q ) + ( C ^ + C j C ^ d + K j j ) ) + s f G ^ C ^ ) 
+ (G-L+G^ (C1+C3) + K Q C G ^ + C ^ + C ^ ) } + G2(G1+G3) 
For the circuit of Figure 8: 
N(s) = G1C1s (111) 
D(s) = s2{C1C4( l-K1K2) + (1-K1)(C C2+C C3+C2C3+C2C4)} (112) 
+ s{G1(C]+C2) 4- G9(C;1+C3+G4)-K1G.LC2} + G G, 
= S 2{C 1C 4(1+KQ) + (1+K0)(C1C2+C1C3+C2C3+C2C4)} 
+ s{G1(C1+C2) + G2(C1+C3+C4)+K0G1C2} + G±G, 
37 
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Figure 9. A Band-pass Filter Circuit 
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Figure 13. A Band-pass Filter Circuit 
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Figure 14. A Band-pass Filter Circuit 
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For the circuit of Figure 9, N(s) and D(s) will be the same as 
in (109) and (110) of Figure 7 and C~ set equal to zero. 
For the circuit of Figure 10, N(s) and D(s) will be the same 
as in (111) and (112) of Figure 8 with C„ set equal to zero. 
It was also found that the duals of Figures, 7,8,9, and 10 also 
have the characteristics of constant-Q, tunable band-pass sections. These 
dual circuits are shown in Figures 11, 12, 13,, and 14, respectively. 
For the circuit of Figure 11: 
N(s) = G C1s (113) 
DCs) = s2C2(C1+C3) + s{c2(G1+G2)+(C1+C3)(G1+G3)+K0 (114) 
(G1C3+G3C1+G3C3)} + G1G;2(1+KQ) + (G1G3+G2G3)(1+KQ) 
For the circuit of Figure 12 
N(s) = G C s (115) 
D(s) = s2C1C2 + sfCĵ CG +G2)+C2(G1+G +G4)+KQC1G } (116) 





+ Gl G3 + G2 G3 + G2 G4 ) 
For the circuit of Figure 13, N(s) and D(s) will be the same 
as in (113) and (114) of Figure 11 with G_ set equal to zero. 
* 
By duality, we mean R +- C and C +- R. 
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For the circuit of Figure 14, N(s) and D(s) will be the same 
as in (115) and (116) of Figure 12 with G set equal to zero. 
2 1 
(ii) If we choose K_. = -Kn and K„ = — , then 
1 0 I KQ 
DCs) = ^22y33"y23y32) (117) 
-K0(y22y35~y25y32) 
-K2Cy22y34-y2Ay32) 
Equations (107) and (117) will be the basic equations for realizing 
the filters. After searching all possible combinations of y's, eight 
circuits of Figures 15 to 22 are found. However, Figures 15 to 22 are 
similar to Figures 7 to 14, with the interclianging of passive elements 
connected to nodes 4 and 5. The voltage-transfer functions of Figures 
15 to 22 are identical to those of Figures 7 to 14, respectively, after 
the substitution of values of K and K_. 
(iii) If the network configuration is modified such that V, = K-V_ 
and Vs = K„V . Then another choice of K's would be K- = -K-. and 
2 
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Figure 17. A Band-pass Filter Circuit 
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Figure 18. A Band-pass Filter Circuit 
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Figure 22. A Band-pass Filter Circuit 
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Equation (118) is identical to (108). Equations (118) and (107) will 
be the basic equations for realizing the filters. After searching all 
possible combinations of y's, eight circuits as shown in Figures 23 to 
30 are found. However, these figures are similar to Figures 7 to 14, 
with changes in the locations of K 's. The voltage-transfer functions 
of Figures 23 to 30 are identical to those of Figure 7 to 14, respec-
tively, after the substitution of values of K and K?. 
Filters Obtained by Using Terminal 2 as Output 
If the output is to be taken from terminal 2, the numerator of 
the voltage-transfer function is 
NCS) - y 3 1 ( y 2 3




for this configuration to be a band-pass section, N(s) must be the 
function of the first-order of s only. Therefore, we must have 
y21 = 0 (120) 
Thus NCa) - y31(y23+V24+KlK2y25) (121) 
The denominator of the voltage-transfer function is identical to (104). 
(i) If we choose K = -ly and K0 = K , then D(s) can be expressed as 
in (108). Equations (108) and (121) will be the basic equations for 







Figure 23. A Band-pass Filter Circuit 
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Figure 24. A Band-pass Filter Circuit 
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Figure 25. A Band-pass Filter Circuit 
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Figure 30. A Band-pass Filter Circuit 
46 
y's, four circuits as shown in Figures 31 to 34 are found. The first 
and basic circuit is shown in Figure 31. 
For the circuit of Figure 31: 
N(s) = G1(C1+K1C4+K1K2C2)s (122) 
GiccrKoVKoc2 ) s 
D(s) = s2{C1C2Cl-K1K2) + (G1C3+C:lC4+C2C3+C3C4)Cl-K1)} U23) 
+s(G1(C1+C2+C4)+G2(C1+C,,)~K1G2C3} + G±G, 
= s2{C1C2Cl+K^)+(C1C3+C1C4+C2C3+C3C4)Cl+K0)} 
+s{G1CC14-C?+C4)+G2(C1+C3)+K0G2C3} + G±G, 
For the circuit of Figure 32, N(s) and D(s) will be the same as 
in (122) and (123) of Figure 31 with C, set equal to zero. 
It was also found that the duals of Figures 31 and 32 also have 
the characteristics of constant-Q, tunable band-pass sections. These 
dual circuits are shown in Figures 33 and 34, respectively. 
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Figure 34. A Band-pass F i l t e r C i r cu i t 
48 
D(s) = s2C1C2+s{C1(G1+G2+G4)+C2(G1+G3)+KT)G2G3} (125) 
+ G 1 G 2 ( 1 + K D ) + ( G1G3"'"G1G4+ G2G3+ G3G4 ) ( 1 + K0 ) 
For the circuit of Figure 34, N(s) and D(s) will be the same 
as in (124) and (125) of Figure 33 with G, set equal to zero. 
2 1 
(ii) If we choose K.. = -Kn and K,, = —• , then D(s) can be expressed 
1 0 2 KQ 
as in (117) , and 
NCs) - y (y23-K0y25-K2y24) (126) 
Equations (117) and (126) will be the basic equations for realizing 
the filters. After searching all possible combinations of yTs, four 
circuits as shown in Figures 35 to 38 are found. However, these figures 
are similar to Figures 31 to 34, with the interchanging of passive ele-
ments connected to nodes 4 and 5. The voltage-transfer functions of 
Figures 35 to 38 are identical to those of Figures 31 to 34, respec-
tively, after the substitution of values of K and K . 
(iii) If the network configuration is modified such that V, = K-.V„ 
and V = K„V„. Then another choice of K's would be K = -K~ and 
o 
K = -KQ. We have D(s) as in (118), and 
Us) = y3l
(y23-V24~K0y25:) (127) 
Equations (118) and (127) are the basic equations for realizing the 
filters. After searching all possible combinations of y's, four circuits 
49 
as shown in Figures 39 to 42 are found. However, these figures are 
similar to Figures 31 to 34, with changes in the locations of K 's. 
The voltage-transfer functions of Figures 39 to 42 are identical to 
those of Figures 31 to 34, respectively, after the substitution of 
values of K- and K?. 
Band-pass Filters Based on the Configuration of Figure 6 
If the network configuration of Figure 6 is used, the denominator 
of the voltage-transfer function is 
DCs) = ^22y44~y24y42)+Kl(y23y44~y24y43) (128) 
+K2(y22y45_y25y42>fKlK2(y23y45-y25y43) 
The output may be taken from terminal 2, 3, 4, or 5. However, 
it should become apparent that these options are all basically equiva-
lent to one another. If the output is to be taken from node 4, then 
numerator of the voltage-transfer function will be 
N(s) - y21(yA2+K1y43)-y41(y22+K1y23) (129) 
For this configuration to be a band-pass section, N(s) must be the func-
tion of the first-order of s only. Therefore, we must have 













































Figure 39. A Band-pass Filter Circuit 
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Figure 42. A Band-pass F i l t e r C i r c u i t 
52 
Thus 
N(s) = y 2 l
( y 4 2 + K l y 4 3 ) ( 1 3 1 ) 
Ci) i f we choose K = -KQ and K2 = -K , then from (128) and (131) 
DCs) = ^ 2 2
y 4 4 - y 2 4 y 4 2 ) - K 0 ( y 2 3 y 4 4 " y 2 4 y 4 3 (132) 
+ y 2 2 y 4 5 - y 2 5 y 4 2 ) + K 0 ( y 2 3 y 4 5 ~ y 2 5 y 4 3 ) 
N ^ > = y 2 1 ( y 4 2 - K 0 y 4 3 ) ( 1 3 3 ) 
Equations (132) and (133) will be the basic equations for realizing the 
filters. After searching all possible combinations of y's, eighteen cir-
cuits as shown in Figures 43 to 60 are found. However, it is most con-
venient to present Figures 43 to 48 by Table 1 and their duals, Figures 
49 to 54, by Table 2. These tables show the basic circuits of each group 
and show which resistors or capacitors are retained in each figure. For 
example, Figure 44 is derived from Figure 43 with C- deleted. 
For the circuit of Figure 43: 
N(s) = G1(C4+K1C1)s (134) 
= G1(C4-K0C1)J 
DCs) = s2{C2C3(l-K1-K2+K1K2)+C1C5(l-K1K2) (135) 
53 
+ (C1C2+C2C4+C1C ) (1 -K 1 ) + (C3C4+C3C5+C4C5) (1 -K 2 ) } 
+s(G 1 (C 1 +C 3 +C 4 )+G 2 (C 2 +C 4 +C t 3 ) -K 1 G 2 C 2 -K 2 G 1 C 3 )+G 1 G 2 
S
2 { C 2 C 3 ( 1 + 2 K 0 + K 2 ) + C I C 5 ( 1 - K 2 ) 
+(C 1C 2+C 1C 4+C 2C 4+C 3C 4+C 3C 5+C 4C 5)(i+K 0)} 
+S{G 1(C 1+C 3+C 4)+G 2(C 2+C 4+C 5)+K 0(G 2C 2+G 1C 3)}+G 1G 2 
For the circuits of Figures 44 to 48, the voltage-transfer func-
tions can be found by using equations (134), (135), and Table 1. For 
example, N(s) and D(s) of Figure 44 are those of Figure 43 with C set 
equal to zero. 
For the circuit of Figure 49: 
N(s) = C1(G4-K0G1)s (136) 
D(s) = s2C1C2+s{C1(G1+G3+G4)+C2(G2+G4+G5) (137) 
+K0(C2G2+C1G3)^+G2G3(1+2K0+K0)+G1G5(1"K0) 
+ (C1C2+C1C4+C2C4+C3C4+C3C5-HC4C5)(1+K0) 
For the circuits of Figures 50 to 54, the voltage-transfer functions 
54 
Table 1. The Relationships of Circuits of Figures 43 to 48 
Figure C1 C2 C 3 C4 
43 1 1 1 1 
44 0 1 1 1 
45 1 1 1 0 
46 1 1 1 1 
47 1 1 1 0 
48 0 1 1 1 
Table 2. The Relationships of Circuits of Figures 49 to 54 
Figure R1 R„ R_ R, R_ 
1 2 3 4 5 
49 1 1 1 1 1 
50 0 1 1 1 1 
51 1 1 1 0 1 
52 1 1 1 1 0 
53 1 1 1 0 0 



















Figure 43. A Band-pass Filter Circuit 
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Figure 44. A Band-pass F i l t e r C i r c u i t 
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Figure 45. A Band-pass Filter Circuit 
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Figure 46. A Band-pass Filter Circuit 
1 
R l 















































































Figure 54. A Band-pass Filter Circuit 
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can be found by using equations (136), (137), and Table 2. For ex-
ample, N(s) and D(s) of Figure 50 are those of Figure 49 with G.. set 
equal to zero. 
For the circuit of Figure 55: 
N(s) = GlC2Kls ^138) 
= -GlC2K0s 
DCs) = s2C1C2+s{C1G3+C2(G1+G2)-K1G2C2-K2G3C1} (139) 
+G1G3(1-K2)+G2G3(1-K1-K2+K1K2) 
s C 1G 2+S{C 1G 3-H; 2(Q 14G 2.)+K 0(G 2C 2-K; 3C 1) } 
+G1G3(1+K())+G2G3(1+2K0+KQ) 
For the circuit of Figure 56: 
N(s) = G1C2s C140) 






For the circuit of Figure 57 which is derived from Figure 56, 
N(s) and D(s) will be the same as in (140) and (141) of Figure 56 with 
G, set equal to zero. 
For the circuit of Figure 58 which is the dual of Figure 55: 
N(s) = -C-jG^s (142) 
D(s) = S 2 { C I C 3 ( 1 + K 0 ) + C 2 C 3 ( 1 + 2 K 0 + K Q ) } (143) 
+s{G1G3+G2(C1-H32)-«0<C262+C3G1)}+G:LG2 
For the c i r c u i t of Figure 59 which i s the dual of Figure 56: 
N(s) = C - ^ s (144) 
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Kl = "K0 
K2 = "K0 
Figure 58. A Band-pass Filter Circuit 
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Figure 60. A Band-pass Filter Circuit 
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For the circuit of Figure 60 which is the dual of Figure 57, 
N(s) and D(s) will be the same as in (144) and (145) of Figure 59 
with C. set equal to zero. 
(ii) If we choose K = KQ and K = -KQ, then from (128) and (131) 
DCs) = (y22y44-
y24y42)+K0(y23y44-y24^43) ( U 6 ) 
-K0(y22y45-y25y42)-K0(y23y45-y25y43) 
N(S) - y21(y42+K0y43) (147) 
Equations (146) and (147) will be the basic equations for realizing the 
filters. After searching all possible combinations of y's, eight cir-
cuits as shown in Figures 61 to 68 are found. However, it is most con-
venient to present Figures 61 to 64 by Table 3 and their duals, Figures 
65 to 68, by Table 4. These tables show the basic circuits of each group 
and show which resistors or capacitors are retained in each figure. 
For the circuit of Figure 61: 
N(s) = G1(CA+K1C1)s (148) 
= G ^ + K Q C ^ S 
D(s) = s2{C2C3(l+K1K2)+C1C£.(l-K1K2) (149) 
63 
Table 3. The Relationships of Circuits of Figures 61 to 64 
Figure Cl C2 C3 C4 C5 
61 1 1 1 1 1 
62 1 0 1 1 1 
63 1 : 1 0 1 
64 1 0 1 0 1 
Table 4. The Relationships of Circuits of Figures 65 to 68 
Figure Rl R2 R3 RA R5 
65 1 1 1 1 1 
66 1 0 1 1 1 
67 1 1 1 0 1 





















Figure 62. A Band-pass Filter Circuit 
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Figure 68. A Band-pass F i l t e r C i r c u i t 
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+ (C1C2+C2C4+G1C4) (1-K^ + (C3C4+C3C5+C4C5) (1-K,,)} 
+ S { G 1 ( C 1 + C 3 + C 4 ) + G 2 ( C 2 + C 4 + C 5 ) - K 1 G 2 C 2 - K 2 G 1 C 3 } + G 1 G 2 
= S 2 { C 2 C 3 ( I - K ^ + C 1 C 5 ( I + K ^ ) + ( C 1 C 2 + C 2 C 4 + C 1 C 4 ) ( I - K Q ) 
+ ( C 3 C 4 + C 3 C 5 + C 4 C 5 ) ( I + K 0 ) } + S ( G 1 ( C 1 + C 3 + C 4 ) 
+G 2 (C 2+C 4+C 5 )+K (J : -G 2C 2+G 1C 3 )}+G 1G 2 
For the circuits of Figures 62 to 64, the voltage-transfer 
functions can be found by using equations (148), (149), and Table 3, 
for example, N(s) and D(s) of Figure 62 are those of Figure 61 with 
C„ set equal to zero. 
For the circuit of Figure 65: 
N(s) = C1(G4+K0G1)s (150) 
D(s) = s2C1C2+s{ci(G1-fG3+G4)+C2(G2+G4+G5) (151) 
+M"C2G2+ClG3)}+G2G3(1~K0)+GlGi1+K0) 
+(G1G2+G2G4+G1C4)C1-K0)+CG3G4+G3G5+G4G5)(1+KQ) 
For the circuits of Figures 66 to 68, the voltage-transfer 
67 
functions can be found by using equations (150), (151), and Table 4, 
for example, N(s) and D(s) of Figure 66 are those of Figure 65 with 
G„ set equal to zero. 
(iii) If we choose K- = -Kn and K9 = Kn, then from (128) and (131) 
DCs) = ^22y44-y24y42)-K0(y23y44~y24y43) (152) 
+K0(y22y45-y25y42}"K0(y23y45-y25y43} 
N(s) = y2l
(y42"K0y43) ( 1 5 3 ) 
Equations (152) and (153) will be the basic equations for realizing the 
filters. After searching all possible combinations of y's, eight cir-
cuits as shown in Figures 69 to 76 are found. However, it is most 
convenient to present Figures 69 to 72 by Table 5 and their duals, Fig-
ures 73 to 76, by Table 6. These tables show the basic circuits of each 
group and show which resistors or capacitors are retained in each figure 
For the circuit of Figure 69: 
N(s) = G1(CA+K1C1)s (154) 
= c^q^c )e 
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Table 5. The Relationships of Circuits of Figures 69 to 72 
F i g u r e C GQ C3 C^ C5 
69 1 1 1 1 1 
70 1 1 0 1 1 
71 1 1 1 0 1 
72 1 1 0 0 1 
Table 6. The Relationships of Circuits of Figures 73 to 76 
, _ , 
F i g u r e R R2 R R, R 
73 1 1 1 1 1 
74 1 1 0 1 1 
75 1 1 1 0 1 


























Figure 71. A Band-pass Filter Circuit 
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Figure 74. A Band-pass F i l t e r C i r cu i t 
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Figure 76. A Band-pass Filter Circuit 
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D(s) = s2{C2C3a+K1K2)+C1C5( l-K1K2) (155) 
+ (C1C2+C2CZ+C1C4)(1-K1) 
+(c3c4+c3c5+c4c5)(I-K2)} 
+S{G 1(C 1+C 3+C 4)+G 2(C 2+C 4+C 5) 
—K-G~C„—K„G_C,} + G-.G~ 
s2{c2c3 (I-KQ)+C 1C 5(I+K^) 
+(c1c2+c2c4+c]c4)(I+K0) 
+Cc3c4+c3c5+c4c5)(i-K0)} 
+S{G 1(C 1+C 3+C 4)+G 2(C 2+C 4+C 5) 
+K„G„C^—K^G^C„J + G-G„ 
For the circuits of Figures 70 to 72, the voltage-transfer 
functions can be found by using equations (154), (155), and Table 5. 
For example, N(s) and D(s) of Figure 70 are those of Figure 69 with 
C- set equal to zero. 
For the circuit of Figure 73: 
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N(s) = C1(G4-K()G1)s (156) 
D(s) = s2C1C2+s{ciCG1+G3+GA)+C2(G9+G4+G5)+K0C2G2 (157) 
-K 0C 1G 3}+G 2G 3(I-KQ)+G 1G 5(I+KQ)+(G 1G 2+G 2G 4 
+G1G4)(1+K0)+(G3G4+G3G5+G4G5)(1-KQ) 
For the circuits of Figures 74 to 76, the voltage-transfer 
functions can be found by using equations (156), (157), and Table 6. 
For example, N(s) and D(s) of Figure 74 are those of Figure 73 with 
G„ set equal to zero. 
2 1 
(iv) If we choose Kn = -Kn and K0 = — , then from (128) and (131) 
1 0 I KQ 
D(s) = ^ 2 2 y 4 4 - y 2 4 y 4 2 ) - K 0 ( y 2 3 y 4 5 - y 2 5 y 4 3 ) ( 1 5 8 ) 
'K0 ( y 23 y 44~ y 2 / i y 43 ) + l ~ ( y 2 2 y 45" y25 y42 ) 
N(s) = y 2 i ^ 4 2
_ K 0 y 4 3 ) ( 1 5 9 ) 
Equations (158) and (159) will be the basic equations for realizing the 
filters. After searching all possible combinations of y's, ten circuits 
as shown in Figures 77 to 86 are found. However, it is most convenient 
to present Figures 77 to 81 by Table 7 and their duals, Figures 82 to 86 
73 
Table 7. The Relationships of Circuits of Figures 77 to 81 
F i g u r e C K„ R A 
77 1 1 1 
78 1 0 1 
79 0 0 1 
80 1 1 0 
81 0 1 0 
Table 8. The relationships of Circuits of Figures 82 to 86 
Figure R3 C C 
82 1 1 1 
83 1 0 1 
84 0 0 1 
85 1 1 0 
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Figure 84. A Band-pass Filter Circuit 
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Figure 86. A Band-pass Filter Circuit 
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K, 
by Table 8. These tables show the. basic circuits of each group 
show which resistors or capacitors are retained in each figure. 
For the circuit of Figure 77: 
N(s) = G1(C2+K C1)s 
- G1(C2-K0C1)S 
77 
D(s) = s2{ciC2(l-K1)+C2C3(l-K2)}+s(C2(G2+G4) (161) 
+ (C^-K^+C^) (G1+G3)-K2C3 (Gx+G3) - K ^ ( G ^ ) 
-K1K2G3C1}+(G1+G3)(G2+GA)-K2GA(G1+G3) 
S{C IC 2(1+KQ)+C 2C 3(1- ~-)}+s{C2(G2+G4) 




For the circuits of Figures 78 to 80, the voltage-transfer 
functions can be found by using equations (160), (161), and Table 7, 
for example, N(s) and D(s) of Figure 78 are those of Figure 77 with 
G„ set equal to zero. 
For the circuit of Figure 82: 
N(s) = C1(G2-K^G1)s (162) 
DCs) = s2{(C1+C3)(c2+C4(l- | ))}+s{G2(C2+C4) 
+(G1+G2+G3)(C1+C3)- | (G3CC1+C3)+G2(C3+C4)) 
+K 0C 3G 1^ 1G 2Cl^)^ 2G 3(l-| o) 
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For the circuits of Figures 83 to 86, the voltage-transfer 
functions can be found by using equations (162), (163), and Table 8, 
for example, N(s) and D(s) of Figure 83 are those of Figure 82 with 
C~ set equal to zero. 
If the output is to be taken from node 2 instead of node 4, we 
can use the same procedures and obtain the same set of networks. This 
is equivalent to the interchanging of nodes 2 and 3 with nodes 4 and 5. 
Therefore, the band-pass sections for which the outputs are taken from 
node 2 will not be shown here. 
By using the network configurations of Figures 5 and 6, and keep-
ing the number of passive elements between each node and ground to be 
minimum, a total of 80 circuits are found possible for realizing the 
constant-Q, tunable band-pass sections. These circuits came from the 
9 basic circuits, Figures 7, 8, 31, 43, 55, 56,, 61, 69, and 77, and 
their dual circuits, Figures 11, 12, 33, 49, 58, 59, 65, 73, and 82. 
Since the number of the basic circuits is not large, all circuits 
were found without the use of computer programming. 
79 
CHAPTER IV 
DERIVATION OF LOW-PASS AND HIGH-PASS FILTER CIRCUITS 
In this chapter we shall make a detailed study of second-order 
low-pass and high-pass filter sections based on the method developed in 
Chapter II. The general procedures will be similar to those of deriv-
ing band-pass filter circuits in Chapter III. 
We shall synthesize these filter sections from the basic network 
configurations of Figures 3 and 4 with n = 5. 
The low-pass and the high-pass filters will be derived concur-
rently since one is the dual of the order. 
Low-pass and High-pass Filters Based on the Configuration of Figure 5 
From the network configuration of Figure 5, the constant-Q, tun-
able active low-pass and high-pass filters can be obtained by making 
either terminal 3 (or equivalently, A or 5) as the output; or terminal 
2 as the output. 
Filters Obtained by Using Terminal 3 as Output 
If the output is to be taken from terminal 3, the denominator and 
the numerator of the voltage-transfer function are shown in (104) and 
(105). 
For this configuration to be either low-pass or high-pass sections, 
it is necessary that N(s) be the function of s only for low-pass section 
2 
or N(s) be the function of s only for high-pass section. Therefore, we 
must have 
80 
y31 = 0 (164) 
Thus N(s) = y 217.3 2
 (165) 
(i) If we choose K = -K_ and K?
 := K , then D(s) will be as in (108). 
Equations (108) and (165) will be the. basic equations for realizing the 
* i 
filters. After searching all possible combinations of y s, two cir-
cuits as shown in Figures 87 and 88 are found possible for the low-pass 
sections. 
For the circuit of Figure 87: 
N(s) = GXG2 (166) 





* The number of admittances between each node and ground is kept at the 
minimum. If we remove this restriction, the number of possible cir-
cuits can be increased indefinitely. For example, any admittance may 
be connected between the output of the VCVS and ground without altering 
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Figure 89. A High-pass Filter Circuit 





Figure 90. A High-pass Filter Circuit 
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For the circuit of Figure 88, N(s) and D(s) will be the same as 
(166) and (167) with G. set equal to zero. 
The duals of Figures 87 and 88 have the characteristics of the 
high-pass sections. They are shown in Figures 89 and 90. 
For the circuit of Figure 89: 
N(s) = s2C1C2 (168) 
D(s) = S 2{C IC 2+(C 1+C 2+C 3)C 4(1+K 0)+C 2C 3(1+KQ)} (169) 
+S{G 1(C 2+C 4)+G 2(C 1+C 2+C 3)+K 0G 1(C 2+C 4)}+G 1G, 
For the circuit of Figure 90, N(s) and D(s) will be the same as 
(168) and (169) with C, set equal to zero 
2 1 
(ii) If we choose K = -Kn and K = — , then D(s) will be as in (117). 
1 0 2 KQ 
Equations (117) and (165) will be the basic equations for realizing the 
filters. After searching all possible combinations of y's, two circuits 
as shown in Figures 91 and 92 are found possible for the low-pass sec-
tions. Their duals, Figures 93 and 94, have the characteristics of the 
high-pass sections. 
Figures 91 to 94 are similar to Figures 87 to 90, with the inter-
changing of passive elements connected to nodes 4 and 5. The voltage-
transfer functions of Figures 91 to 94, after the substitution of values 
of K and K?, are identical to those of Figures 87 to 90, respectively. 
(iii) If the network configuration is modified such that V. = K-V_ and 
4 1 3 
2 











































Figure 94. A High-pass F i l t e r C i r cu i t 
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D(s) will be as in (118). Equations (118) and (165) will be the basic 
equations for realizing the filters. After searching all possible com-
binations of y's, two circuits as shown in Figure 95 and 96 are found 
possible for the low-pass sections. Their duals, Figures 97 and 98, 
have the characteristics of the high-pass sections. 
Figures 95 to 98 are similar to Figures 87 to 90 with changes in 
locations of K». The voltage-transfer functions of Figures 95 to 98, 
after the substitutions of values of K and K_, are identical to those 
of Figures 87 to 90, respectively, 
Filters Obtained by Using Terminal 2 as Output 
If the output is to be taken from terminal 2, the denominator and 
the numerator of the voltage-transfer function are shown in (104) and 
(119). 
For this configuration to be either low-pass or high-pass sections, 
it is necessary that N(s) be the function of s only for low-pass sec-
2 
tion or N(s) be the function of s only for high-pass section. There-
fore, we must have 
y21 = o (170) 
Thus N ( S ) = y 3 1 ( y 2 3
+ K i y 2 4 + K i K 2 y 2 5 ) ( 1 7 1 ) 
(i) If we choose IL. = -K. and K„ = K , then D(s) will be as in (108). 
Equations (108) and (171) will be the basic equations for realizing the 
filters. After searching all possible combinations of y's, two circuits 








Figure 95. A Low-pass Filter Circuit 
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Figure 98. A High-pass Filter Circuit 
For the circuit of Figure 99: 
N(s) = G1(G2+K1G3+K1K2G4) (172) 
- WV^oV 
DCs) = s2C1C2+s(C2CG1+G2+G5)+C;] (G^G^G^-C^:^} (173) 
+(G2+G3+G4){G1+G5(l-K1)}+G2G (1-K1)+G2G4(1-K K2) 
= s2C1C2+s{C2(G1+G2+G5)+C:1 (G2+G3+G4)+C2G K } 
+(G2+G3+G4)(G1+G5(l+K0)}+G2G3(1+K0)+G2G4(1+KQ) 
For the circuit of Figure 100, N(s) and D(s) will be the same 
as (172) and (173) with G set equal to zero. 
The duals of Figures 99 and 100 have the characteristics of the 
high-pass sections. They are shown in Figures 101 and 102. 
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Figure 102. A High-pass Filter Circuit 
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For the circuit of Figure 102, N(s) and D(s) will be the same as 
(174) and (175) with C set equal to zero. 
2 1 
(ii) If we choose K = -K and K = — , then D(s) will be as in (117). 
1 0 2 KQ 
Equations (117) and (171) will be the basic equations for realizing the 
filters. After searching all possible combinations of y's, two circuits 
as shown in Figures 103 and 104 are found possible for the low-pass sec-
tions. Their duals, Figures 105 and 106, have the characteristics of 
the high-pass sections. 
Figures 103 to 106 are similar to Figures 99 to 102 with the inter-
changing of passive elements connected to nodes 4 and 5. The voltage-
transfer functions of Figures 103 and 106, after the substitution of 
values of K and K„, are identical to those of Figures 99 to 102, respec-
tively. 
(iii) If the network configuration is modified such that V, = K V and 
2 
V = K V , then another choice of K's would be K = -K and K = -K , 
D(s) will be as in (118). Equations (118) and (171) will be the basic 
equations for realizing the filters. After searching all possible com-
binations of y's, two circuits as shown in Figures 107 and 108 are found 
possible for the low-pass sections. Their duals, Figures 109 and 110, 
have the characteristics of the high-pass sections. 
Figures 107 to 110 are similar to Figures 99 to 102 with changes 
in locations of K-. The voltage-transfer functions of Figures 107 to 
110, after the substitution of values of K.. and K~ , are identical to 
those of Figures 99 to 102, respectively. 
Low-pass and High-pass Filters Based on the 
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Figure 106. A High-pass Filter Circuit 
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Figure 107. A Low-pass F i l t e r C i r c u i t 
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Figure 110. A High-pass Filter Circuit 
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If the network configuration of Figure 6 is used, the output 
may be taken from terminals 2, 3, 4, or 5. Eowever, it should become 
apparent that these options are all basically equivalent to one another. 
If the output is to be taken from node 4, then the denominator 
and the numerator of the voltage-transfer function will be as in equa-
tions (128) and (129). 
For this configuration to be either low-pass or high-pass sec-
tions, it is necessary that 
Y41 = 0 (176) 
Thus N(s) = y2i^42
+K]y43) (177) 
(i) If we choose K_= K = -KQ and substitute into (128), then this 
equation and 0-77) will be the basic equations for realizing the filters. 
After searching all possible combinations of yfs, seven circuits as 
shown in Figures 111 to 117 are found possible for the low-pass sections. 
Their duals, Figures 118 to 12.4, have the characteristics of the high-
pass sections. 
However, it is most convenient to present Figures 113 to 117 and 
Figures 120 to 124 by Tables 9 and 10, respectively. These tables show 
the basic circuits of each group, and show which resistors or capacitors 
are retained in each figure, for example, Figure 114 is derived from 
Figure 113 with R and R, deleted. The voltage-transfer function of 
Figure 114 is that of Figure 113 with Gn and G, set equal to zero. 
For the circuit of Figure 111: 
92 
N(s ) = G1G2K (178) 
- - G ^ ^ Q 
D(s) = s 2 C 1 C 2 ( l -K 1 -K 2 H-K 1 K 2 )+s (G 1 C 2 (179) 
+ G 2 C i - K i G 2





For the circuit of Figure 112: 
N(s) = G1G2 (180) 





For the circuit of Figure 113: 
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N(s) = G1(G2+K1G3) (182) 
= Gl(G2-K0G3) 









For the circuits of Figures 114 to 117, N(s) and D(s) can be 
found by using equations (182), (183), and Table 9. 
For the circuit of Figure 118: 




Table 9. The Relationships of Circuits of Figures 113 to 11/ 
Figure R1 *o R3 R4 R5 
R, 
b 
113 1 1 1 1 1 1 
114 1 0 1 0 1 1 
115 1 0 1 1 1 1 
116 1 1 0 0 1 1 
117 1 1 0 1 1 1 
Table 10. The Relationships of Circuits of Figures 120 to 124 
Figure Cl C2 C3 C4 C5 C6 
120 1 1 1 1 1 1 
121 1 0 1 0 1 1 
122 1 0 1 1 1 1 
123 1 1 0 0 1 1 
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Figure 117. A Low-pass F i l t e r C i r c u i t 




Figure 118. A High-pass Filter Circuit 
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Figure 124. A High-pass Filter Circuit 
For the circuit of Figure 119 
N(s) = C1C2s' 
D(s) = s2C1C2+s {(5^2+02 (C-j+Ĉ )} 
(1+K0)+G1G2(1+2K0+K0) 
For the circuit of Figure 120 
NCs) = C1(C2-K0C3)s' 
99 
D(s) = s2{ciC2+C1C3+C2C4+(l+K0)(C2C3+C2C5+C3C5+C1C6 (189) 
+C2C6+V6)+C3C^(1-'KO)+G5C6(1+2K0+R0)} 
+S{G 1CC 2+C 3+C 6)+G 2(C 1+C 2+C 4+C 5)+K 0(G 2C 5+G 1C 6)} 
+G1G2 
For the circuits of Figures 121 to 124, N(s) and D(s) can be 
found by using equations (188), (189), and Table 10. 
(ii) If we choose K^ = KQ, K„ = ~Kn and substitute into (128), then 
this equation and (177) will be the basic equations for realizing the 
filters. After searching all possible combinations of y's, four cir-
cuits as shown in Figures 125 to 128 are found possible for the low-pass 
sections. Their duals, Figures 129 to 132, have the characteristics of 
the high-pass sections. 
However, it is most convenient to present Figures 125 to 128 and 
Figures 129 to 132 by Table 11 and 12, which show the basic circuit for 
each group and show which resistors or capacitors are retained in each 
figure. 
Figure 125 has the same passive structure as that of Figure 113. 
The voltage-transfer function of Figure 125 can be found by substitute 
K1 = Kn and K„ = -tL. into the general equations of Figure 113. 
For the circuit of Figure 125: 
N(s) = G1(G2+KQG3) (190) 
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Table 11. The relationships of Circuits of Figures 125 to 128 
Figure Rl R2 R3 RA R5 R6 
125 1 1 1 1 1 1 
126 1 1 1 1 0 1 
127 1 0 1 1 1 1 
128 1 0 1 1 0 1 
Table 12. The Relationships of Circuits of Figures 129 to 132 
Figure Cl C2 C3 G4 C5 C6 
129 1 1 1 1 1 1 
130 1 1 1 1 0 1 
131 1 0 1 1 1 1 
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Figure 128. A Loxi7-pass Fil ter Circuit 


































Figure 132. A High-pass Filter Circuit 
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D(s) = s2C1C2+s{C1(G2+G3-+-G6)+C2(G1+G2-K;4+G5)-K0C2G5 (191) 
+K0C1G6}+G1G2+G1G3+G2G4+(I-K0)CG2G3+G2G5-K;3G5) 
+ ( I + K 0 ) (G 1 G 6 + G 2 G 6 + G 4 G 6 )H^ 3 G 4 ( I + K2 ) + G 5 G 6 ( I -K2) 
For the circuits of Figures 126 to 128, N(s) and D(s) can be 
found using equations (190), (191), and Table 11. 
For the circuit of Figure 129: 
N(s) = C1(G2+K0C3)s
2 (192) 
D(s) = s2{C1C2+C1C3+C2C,+(l-K0)CC2C3+C5C5+C3C ) (193) 
+(I+K 0)(C 1C 6+C 2C 6+C 4C 6)+C 3C A(I+K
2)+C 5C 6(I-KQ)} 
+ S { G 1 ( C 2 + C 3 + C 6 ) + G 2 ( C 1 + C 2 + C 4 + C 5 ) - K 0 G 2 C 5 + K 0 G 1 C 6 } + G 1 G 2 
For the circuits of Figures 130 to 132, N(s) and D(s) can be 
found using equations (192), (193), and Table 12. 
(iii) If we choose K.. = -KL, K? = K. and substitute into (128), then 
this equation and (177) will be the basic equations for realizing the 
filters. After searching all possible combinations of y's, four cir-
cuits as shown in Figures 133 to 136 are found possible for the low-pass 
sections. Their duals, Figures 137 to 140, have the characteristics of 
the high-pass sections. 
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rt is most convenient to present Figures 133 to 136 and Figures 
137 to 140 by Tables 13 and 14, which show the basic circuit for each 
group and show which resistors or capacitors are retained in each figure 
Figure 133 has the same passive structure as that of Figure 113. 
The voltage-transfer function of Figure 133 can be found by substitute 
K.. = -K and K~ = K into the general equations of Figure 113. 
For the circuit of Figure 133: 
N(s) = G1(G2-KQG3) (194) 




For the circuits of Figures 134 to 136, N(s) and D(s) can be 
found using aquations (194), (195), and Table 13. 
For the circuit of Figure 137: 
N(s) = C1(C2-KQC3)s
2 (196) 





Table 13. The Relationships of Circuits of Figures 133 to 136 
Figure 
*1 R2 R3 \ 
R5 \ 
133 1 1 1 1 1 1 
134 1 1 1 : 1 0 
135 1 C 1 i 1 1 
136 1 0 1 I 1 0 
Table 14. The Relationships of Circuits of Figures 137 to 140 
Figure Cx C2 C3 CA C5 C(. 
137 1 1 1 1 1 1 
138 1 1 1 1 1 0 
139 1 0 1 1 1 1 
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Figure 134. A Low-pass Filter Circuit 
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Figure 136. A Low-pass F i l t e r C i r cu i t 
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l&U^^NH^ hV^k1 k 
ie h - -Ko 
K 2 = K0 








Kl = "K0 
K 2 = K0 





ie Kl " "K0 
K 2 = K0 
Figure 139. A High-pass Filter Circuit 
f 
R 
if K2 = KQ 
Figure 140. A High-pass Filter Circuit 
108 
+s{G1(C2+C3+C6)+G2(C1+C2+C4+Cs)+K0G2C5-K0G1C6}+G1G2 
For the circuits of Figures 138 to 140, N(s) and D(s) can be 
found using equations (196), (197), and Table 14. 
2 i 
(iv) If we choose K = -K* , K0 = — and substitute into (128), then 
1 U l KQ 
this equation and (177) will be the basic equations for realizing the 
filters. After searching all possible combinations of y's, six circuits 
as shown in Figures 141 to 146 are found possible for the low-pass sec-
tions. Their duals, Figures 147 to 152, have the characteristics of the 
high-pass sections. 
It is most conveneint to present Figures 141 to 146 and Figures 
147 to 152 by Tables 15 and 16, which show the basic circuit for each 
group, and show which resistors or capacitors are retained in each figure 
For the circuit of Figure 141: 
N(s) = G1(G2+K1G3) (198) 
G1(G2-K0G3) 




= s 2 C 1 (C 2 +C 3 )+s{G 1 (G 2 +G 3 +G 4 ) + (C2+C3) (G-j+G^ 
" K [ C 3
( G l + G 2 ) + C l G / 4 + C l G 2 ) + K 0 C l G 3 J + G l C G 2 + G 3 ) 
+ G 4 ( G 1 + G 2 ) ( 1 - ~ ) + G 2 G 3 ( 1 + K Q ) 
For the circuits of Figures 142 to 146, N(s) and D(s) can be 
found by using equations (198), (199), and Table 15. 
For the circuit of Figure 147: 
N(s) = C 1(C 2-KQC 3)S
2 (200) 
D(s) = s2{ci(C2+C3)+C4(C1+C2)(l- | )+C2C3(l+K
2)} (201) 
+S{G1(C2+C3+C4)+(G2+G3)(C1+C2)- I ( c y W 
+G1C4+G1C2)+K0G1C31+G1(G2+G3) 
For the circuits of Figures 148 to 152, N(s) and D(s) can be 
found by using equations (200), (201), and Table 16. 
If the output is to be taken from node 2 instead of node 4, we 
can use the same procedures and obtain the same set of networks. This 
is equivalent to the interchanging of nodes 2 and 3 with nodes 4 and 5. 
Therefore, the low-pass and high-pass sections for which the outputs 
are taken from node 2 will not be shown here. 
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Table 15. The Relationships of Circuits of Figures 141 to 146 
Figure C]_ C2 ^ ^ R2 ^ R4 
141 1 1 1 1 1 1 1 
142 1 1 0 1 1 1 1 
143 1 1 1 1 1 1 0 
144 1 1 0 1 1 1 0 
145 1 0 1 1 1 1 1 
146 1 0 1 1 1 1 0 
Table 16. The Relationships of Circuits of Figures 147 to 152 
Figure P^ R2 R3 C^ C2 C3 C 
147 1 1 1 1 1 1 1 
148 1 1 0 1 1 1 1 
149 1 1 1 1 1 1 0 
150 1 1 0 1 1 1 0 
151 1 0 1 1 1 1 1 













Figure 141. A Low-pass Filter Circuit 
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Figure 143. A Low-pass Filter Circuit 
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Figure 144. A Low-pass Filter Circuit 
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Figure 145. A Low-pass Filter Circuit 
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Figure 150. A High-pass Filter Circuit 
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Figure 15.1. A High-pass Filter Circuit 
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Figure 152. A High-pass Filter Circuit 
By using the network configurations of Figures 5 and 6, and 
keeping the number of passive elements between each node and ground 
to be minimum, a total of thirty-three circuits are found possible 
for realizing the constant-Q, tunable low-pass sections. The same 
number of circuits are found possible for realizing the constant-Q, 
tunable high-pass sections. 
Even though the number of total circuits are quite large, these 
circuits are derived from the basic circuits. The basic circuits for 
the low-pass sections are Figures 87, 99, 111, 112, 113, 125, 133, and 
141. The basic circuits for the high-pass sections, which are the dual 
circuits of those for the low-pass sections, are Figures 89, 101, 118, 
119, 120, 129, 137, and 147. These basic, circuits have been realized 
without the use of computer programming. 
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CHAPTER V 
THE MINIMIZATIONS OF THE CONTROLLED GAINS 
AND PASSIVE ELEMENTS 
In Chapters III and IV we have derived the circuits for band-pass, 
low-pass, and high-pass sections with the approximation that the con-
trolled gains are much larger than unity. In practice, finite values of 
these gains are used and results in slight changes in Q„ due to changes 
in the values of the controlled gains. 
When a bound on the changes in Q is given, we can find the mini-
mum required controlled gains such that the changes in these gains, for 
tuning the filters, will be within the given bound. If higher gains are 
used, the approximations will be improved; and the bound on the changes 
in Qn due to the changes in these gains will be smaller. 
According to ANSI standards, constant-Q filters are classified as 
13 
full-octave, half-octave, and third octave filter sets. In each class 
the transmission losses are allowed to vary between an upper bound and a 
lower bound. This is equivalent to allowing the filters in a class a 
slight change in Q. Therefore, the nonideal constant-Q characteristics 
of the derived sections do not give us any difficulty since we can design 
each section to be of the same class throughout the tuning range. 
Since the derived sections can be grouped according to their basic 
circuits, we will minimize required gains of the basic circuits and check 
whether these gains can be used for other circuits or not. 
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In this chapter, the minimizations on the number of passive ele-
ments will also be made; that is, using only the necessary passive ele-
ments . 
For all circuits derived in Chapters 111 and IV, the products of 
2 
the controlled gains are either Kn or Kn. For example, we choose K1 = -K» 
2 
and K = K-. We then have K..K„ = -K_ . There is no advantage in letting 
the two gains be of different magnitudes. This is because when the mag-
nitude of K1 is increased, we have to decrease the magnitude of K„ by 
the same factor. 
To illustrate the minimization on the controlled gains and on the 
number of passive elements, the circuit of Figure 7 will be analyzed in 
detail. We have 
K± = -KQ < 0 (202) 
K2 = KQ (203) 
We let 
C1 = C < 0 (204) 
C2 = bC, b > 0 (205) 
C = dC, d > 0 (206) 
G2(l+b) + CG1+G3)(l+d) = AKQ(d(G1+G3)+G3), C207) 
A > 0 
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V3 G1 C ; 
2„2 2 V1 s C K0b+s(l+A)K0C(d(G1+G )+G3)+G0(G1+G3) (209) 
G (G +G ) 1 





A0 (l+A)K0(d(G -W )+G3J
 ( 2 1 2 ) 
We see that if K >> 1, then from (207), A will be very small. 
Qn in (211) will be independent of K„. 
If the output is taken from terminal 4 instead of terminal 3, 
then 
^Vv (l+A)(d(G +G )+GJ (213) 
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Now we can formulate a set of equations for designing the filter 
capable of tuning the center-frequency from ion to u>^ by changing K„ to 
KN and keeping Q within a certain tolerance. Let 
U) = N to , N > 0 (214) 
K0 
h = -H (215) 
We define the percentage changes in Q. and An as 
AQ, QJ-QQ 
^i =




AQ1 |""lL (l-N)A 
Q0 V An) 4 1+NA 
(216) 
(217) 
G (G +G )b 
Q- = — (218) 
~G1 
(A ) = _ _ ± (2i9) 
(220) 
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From equations (207) and (211), 
G2(G1+G3)b AKQ 
'0 G2(l+b)+G1+G3)(1+d) 1+A 
or 
From (222) it is easy to see that 
(221) 
1+A G (l+b)+(G +G )(l+d) 
K = Q • • -± —±~£ (222) 
A G (G +G )b 
KQ - 2 Q Q ^ (223) 
m m 
when b >> 1 and d << 1 (224) 
and G2b = Gj+G (225 
We note that (208) and (224) can be satisfied at the same time. 
For any finite d > 0, we have 
KQ = (2+d)QQ ~ ^ (226) 
The circuit of Figure 9, which is derived from this circuit, 
should be used since C. = 0 or d = 0. Then Kn can be used and, more-
min 
over, the band-pass section is realized with one less capacitor. 
The minimization for the rest of the derived sections can be 
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made in the similar manner. When the center-frequency u = N u. , 
N > 0 as in (214), the controlled gains will be changed from K- to K^ 
1 K0 
If b)Q a — , then YL^ = — - (227) 
If a) a K , then K^ = NK (228) 
Tables 17, 18, and 19 summarize the results of the minimization 
in the controlled gains and in the number of the passive elements for 
the band-pass, the low-pass, and the high-pass sections. 
The first column of each table shows the circuits that are 
grouped together. All circuits in each group are derived from their 
basic circuit which is shown as the first circuit of each group. 
The second column of each table shows the best circuit for each 
group. The chosen circuit of each group utilizes the minimum controlled 
gains and the least number of passive elements within the same group. 
Other columns show the values of various quantities and certain 
conditions to be met for designing the chosen circuits. Outputs are 
taken from terminal 4 unless otherwise indicated. If certain approxima-
tions in the tables cannot be met, we can also design the filtering sec-
tion by referring to the exact formulae as shown in Chapters III and IV. 
The fourth column of each table shows the smallest value of Kn 
that is needed for each chosen circuit so that AQ1/Qn will be within the 
given tolerance throughout the tuning range. Larger Kn can always be use 
and we can expect the circuit to have smaller AQ /Q . For many circuits 
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we have AQ /Q equal to AA-/A„. This means that the percentage change 
in the gains at the center-frequency is equal to the percentage change 
in Qn for that circuit. 
For the circuits shown in Figures 15 to 22, Figures 35 to 38, 
Figures 91 to 94, and Figures 103 to 106, the analyses will be the same 
as those shown in Figure 7 to 14, Figures 31 to 34, Figures 87 to 90, 
and Figures 99 to 102, respectively. The. difference is in the choices 
2 
of K's; that is, K = -K„ and K? = 1/
KA instead of K-. = -K_ and K = K„ . 
For all circuits, K- will be very large and K0 will be very small. VJhen 
tuning, if K.. is increasing K? must be decreasing; however, there is no 
advantage in doing this since it is easier to increase or decrease K 
and K identically. 
For the circuits shown in Figures 23 to 30, Figures 39 to 42, 
Figures 95 to 98, and Figures 107 to 110, the analyses will be the same 
as those shown in Figures 7 to 14, Figures 31 to 34, Figures 87 to 90, 
and Figures 99 to 102, respectively. The difference is also in the 
2 
choices of K s; that is, K = -K and K = -K instead of K = -K and 
K = K . Since the circuits for the two choices of K's are essentially 
identical, again there is no advantage in using K = -K when we can use 
K2 - K0. 
The circuits shown in Figures 43 to 60 and Figures 111 to 124 are 
not useful since Q„ of each circuit is smaller than one-half. Therefore, 
none of these circuits is shown in Tables 17, 18, and 19. 
Fourteen useful circuits are chosen for the band-pass sections. 
Six each are chosen for the low-pass and the high-pass sections. 























-K2 = -K0<0 
C>0, C2 = bC 
G3QQ(1+A), b»l 
G1 + G3 
8,10 10 ± (2+b)(> 
1+A -1 





K, -K2 = -KQ<0 













K i = 
G i = 
C2b = 
c2b = 
-K2 = -KQ<0 
G>0, G2 = bG 
C3Q0(1+A), b»l 
c1 + c3 
12,14 14 





K i = 
G i = 
c, = 
-K2 = - V 0 





C i r c u i t s 
of 
F i g u r e s 
Best 
















K. = -K2 =-K0<0 
_ x C1 = C>0, C2=bC, C3=dC 
G l b 
G 2 , b » l 
Q0 (1+A)d 
33.3 ' 34 ! ^ 0 M 0 M "
KQ A(N- l ) 
c (2+d)QQ A ( 1 + A ) d N + A 
N 2 (1+A) 
N+A 
- 1 
K, = -K = -K Q <0 
G.. = G > 0 , G =bG, G =dG 
C l b c 2 , b » i 
CU 
"U (1+A)d 






0 A (1+A)d 




K, = -K = KQ>0 
C1 = C>0, C3=dC, C5=fC 
G. = G2f, f » l 
Q0 (1+A)d 




/ 9 + , x n 1JA 1 A(N- l ) A(N- l ) 
U ^ 0 A (1+A)d N+A N+A 
K l = 
G l = 
O = 
-K2 « KQ>0 
G>0, G =dG, G5=fG 
c 2 f , f » i 






















C>0, C =bC, C =fC 
















G>0, G2=bG, G =fG 












KI • -Ko- v l 0 >
K > 0 
Cx = C>0, C2-bC 
G.+G, = bG4, b<<l 
















~K0> K 2 4 '
 K>° 
C>0, C2=bC 
= bG2, b<<l 
Gl+G3 
3 " GQ(1+A) 
Circuits _ AQ AA1 
Best . 1 1 n T 
of _ . wn K„ A —— ——- Remarks 
Circuit 0 0 0 Q A„ 
Figures 0 0 
_ _. 
Kl = ~ V K2=K ' K0 > 0 
** ^ 0 1+A " C l A(N- l ) A(K- l ) G l = G > ° ' G2 = b G 
C4 ^0 A (1+A)C^ N+A N+A








Kl ~ ~ K0' K2=K0'












G± = G>0, G2=bG 
C.+C„ = bCrt, b<<l 
i j z 
c1+c3 
Q0 ~ C (1+A) 
The output is taken from terminal 2 
The output is taken from terrainal 5 

















1 + M 2 ^ 1 + A 
M 0̂ A 
100 
eGK, 







Kl = " K 2 = - K 0 < 0 
G = G>0, G2=bG, G =dG 
C2d = M
2C 1b, M>0, d»b 
M 
Q0 " (14A) 
Kl = - K 2 = - K 0 < 0 
l± = G>0, G2=bG, G4=eG 
G 5 = fG 
C e = C2b, b»l+f 
e 




** eGK, 2 « 0 ¥
+ i A(N-l) N+A A(N-l) N+A 
Kl = - K 2 = K 0 > 0 
G± = G>0, G3=dG 
G4 = eG, G6=gG 
















2 Q ^ + ^ 
^0 A A 
A(N-l) A(N-l) 
N+A N+A 
Ki = -VKo<0 
G = G>03 G =dG 
G, = eG, G =fG 
C.d = C„e, e>>l 













K i " - K o ' K 2 4 0 '
K o > 0 
G = G>0, G2=bG, G =dG 





K i = ~V V^* V° 








A(N-l) A(N-l) C3b = M
2C. 
1 N+A N+A 
Q - M ^0 1+A 
** 
The output is taken from terminal 2 
The output is taken from terminal 5 
M 
^4 












89 ,90 90 
* * M G1 
dCK, 
W ( w i > I+A 
M •0 A 
( l -N)A ( l -N)A 
1+NA 1+NA 




-K 2=-K 0<0 
C>0, C2=bC, C^=dC 
M2C b , M>0, d » b 
M 
1+A 
101 ,102 102 
eCK, <^<nr 
1 ( l -N)A 
b 1+NA 
( l -N)A 
1+NA 
K. = -K 2=-K 0<0 
C-, = C>0, C2=bC 
C4 = eC, C5=fC 
G 2 b , b » l + f 
Q0 (1+A)f 





20 ^ + ^ 
% A A 
( l -N)A 
1+NA 








G 2 e , e » l 



















Kl " -K2="K0<0 
G l 
eCK0 
20 1 + A + 1 







C = C>0, C =dC 
C, = eC, C =fC 




















C>0, C2=bC, C3=dC 














" V V K Q - V 0 
C>0, C2=bC, C =dC 




The output is taken from terminal 2 
The output is taken from terminal 5 
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CHAPTER VI 
THE INPUT AND OUTPUT IMPEDANCES 
In Chapter V we have dealt with the minimization of the controlled 
gains and the number of passive elements for the derived sections. Four-
teen circuits are chosen for the band-pass sections, six circuits are cho-
sen for the low-pass sections5 and six circuits are chosen for the high-
pass sections. 
In order to utilize the derived sections to the greatest advant 
age,, it is useful to know the input and output impedances of these cir-
cuits. After these input and output impedances are found, we can then 
choose the particular one that is most suitable for each application. 
Since not all the derived circuits but only the twenty-eight cho-
sen circuits will be used for designing, we will find the input and out-
put impedances only for these chosen circuits. 
Input Impedances 




Figure 153. The Circuit Configuration for 
Fine: Lng the Input Impedance 
1 








arrangement as shown in Figure 153 is used. We have 
In = (Vn-V.)y (229) 
1 1 I li 
li - NT(s) 
Vx ~ D(s) 
(230) 
V! 




V -V, ' y, ." 




Many circuits derived in Chapters III and IV are such that the 
outputs are taken from the outputs of the VCVS's. If the VCVS is assumed 
to be ideal, then the output impedances of these circuits are zero. 
To find the output impedances of the circuits whose outputs are 
taken from the terminals that are not the outputs of the VCVS's, we will 
ground terminal 1 and use the ratio of a voltage applied at the output 
terminal to the corresponding current going into output terminal. 
When terminal 1 is grounded, we have only two independent volt-
ages for the other four terminals since we use two VCVS in our circuits. 
For the circuit configuration of Figure 5 with the output taken from 
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terminal 2, we have 
Y22 y23
+Kly24+KlK2y25 
y32 y33+Kly34+KlK2y35 V, 
(232) 
In general, we have 




y ba y bb. V b. \ 
(233) 
where V, = the output voltage 
D 
I = the output current 









D(s) in (234) is the same D(s) shown in Chapters III and IV. 
The approximations of Tables 17, 18, and 19 are used together with 
(231) and (234) to find the input and output impedances. Tables 20, 21, 
133 
and 22 show the input impedances for the chosen band-pass, low-pass, 
and high-pass sections. Tables 235 24, and 25 show the output impe-
dances for the chosen band-pass, low-pass, and high-pass sections. 
When the approximations of Tables 17, 18, and 19 are used, the 
input and output impedances of the circuits of each group are practi-
cally equal to those of the chosen circuits. This shows that we should 
use the chosen circuits to design the sections. 
The expression for Z. (s) and Z (s) are very complicated and 
in out 
so are Z. (ioO and Z (jtO. Therefore, only Z. (s) and Z (s) are 
in 0 out J 0 ' m out 
shown in Tables 20 to 25. Limits as s approaches zero and infinity are 
shown. For example, from Table 20, the input impedance of Figure 9 be-
haves like a resistance of 0 (1+A)R at low frequency and R.. at high 
frequency; but the input impedance of Figure 10 behaves like a capa-
citance of (AK b-l)CR„/R at low frequency and like a resistance of 
R at high frequency. 
From (231), |z. I > 1/ly^.l as can be seen from the structure of 
the circuit. The results in the tables agree with (231). 




N'(s) Z. (s) 
m 
lim Z. (s) lim Z. (s) 
m in 
ŝ O s^oo 
G1(C1s-fG2) 
10 G (C s+G2K C2s) 
s2C2K^b+s(l+A)KnCGQ+G„(G1+G„) _, 
U (J J Z 1 J K_ 
s 2C2K2b+s (14y)KQCG3+G2G3 
s2C2K2e+s(l+A)K G Cb+G1G2 







C 1 S C s 
Q 0( l+A) 
C^s 
14 C1s<G-+C2s+K G2) 
32 
2 2 2 
s C C?+s(l+A)K C Gb+G K e .. 
SCAK^-DGC^G 2!^ C s 
G1(G2+C,s+C2s) 
s2C2F b+s(1+A)K G9Cd+G G 
_ u *-_ -*- ̂  -p 
9 9 9 ~ 1 















G (G2+C1s+C3s+K C s) 
s 2C 2Kpf+sC(l+A)K G d + 0 ^ 2 
• 
s C !Cf+sCG2f 
R. 
l im Z. ( s ) l i m Z. ( s ) 





68 C s l C ^ + G ^ G +KQG3) 
s2C1C2+sG(l+A)K0C1d+G
2KQf 
sGC f+G2K^f c i s c i s 
JL 
Gf 
/2 G 1 (G 2+C 1s) 
s C 2 K j f + s ( l + A ) L G Cb+G G 
R. 
s 2 C 2 K 2 f+s [ ( l+A)K 0 G 2 Cb-G 1 Cj
 1 s [ ( l+A)K 0 G 2 Gb-G 1 C] 
R. 
76 C1sCC2s+G ) 
s2C1C2+s(l+A)K ( )C2Gb+G
2K2b n 
s[( l+A)K 0C 2Gb-C 1Gj+G
2K 2b C 1 S C 1 S 
(l+A)K0G2Cb-G1C 
79 
G, s 2 C 2 K 2 b+s(1+A)K CG +(G +G )G, 
G l C C l s + C 2 s ^ 
s 2 C 2 K 2 b+sC[ ( l+A)K 0 G 3 - G 1 ( l + b ) ] + (G1+G3)GZf 
R, R, R, 
81 G 1 (C 1s+C 2s+G 2 ) 
s 2 C 2 K 2 b+s( l+A)K 0 CG 3 +(G 1 +G 3 )G 2 
s 2 C 2 K 2 b+s [ (1+A)K()CG3-G1C (1+b) ]+G2G3
 1 










2m ( s ) lim Z. (s) m 
g-Xx; 
84 C1 S ( G1 + G2 +I 0
C4 S ) 
s2(C1+C3)C4+s(l+A)K()GC3+G











2R2b C 1 S c l s 
h-1 
UJ 
Table 21. The Input Impedances of the Optimum Low-pass Sections 
Circuit lim Z. (s) lim z i n (
s ) 
of N'(s) Z i n ( s ) 
Figure s-K) s^° 
s2C C +s (1+A)K C Gb+G2ribd 
88 G (G +C s) — — R R-. R-, 
s C1C2+sG[(l+A)K()C1b-C2]+G K bd 
s2C1C +s(l+A)K C Gf+G
2KQbe 
100 G (G +G.+C s ) — J-J- R- R1 R] 
sZC1C2+sG[(l+A)K ( )C2f-C2]+G^KQbe 
s"C,C2+s(i+A)K C Gg+G
2K2de 
128 G (G +G +C s+K G ) — — — R R R 
s i iC 1C 2+sG[(l+A)K 0C 1g-C 2 ]+G^Qde 
2„2 sZC C 2 + s ( l + A ) K C Gf+G iCde 
136 G, (Gn+C2s) - ~ — — R R R 
X J ^ s f c C C 2 + s G [ ( l + A ) K C 2 f - C 2 ] + G K^de 
s2C C?+s(l+A)K C Gd+G
2K^bd 
144 G (G +G +C s) — — H _ _ R R R 
s C1C2+sG[(l+A)K C d-C2]4G K^bd 
s2C C +s(l+A)K C Gd+G2K^bd 
146 G (G +G +C s- - C s) — - f- R R R 
0 J sZC C +sG[(l+A)K C d-C ]+GZKQbd 
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s2C2K2de+s(l+A)KnG1Cg+G1G;> 1 
C 1 S 
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C 1 S 
l 
s2C2K2de+sC[(l+A)K0G1g-G2]-fG1G2 
c i s 
140 C1s(C3s+G2) 
s2C2K2de+s (H-A)K()G2Cf+G1G7 1 
C 1 S 
1 
C 1 S 
I 
s2C2K2de+sC[(l+A)KnG0f-G0]+G. Gn 0 u I I i I 
C..S 
150 C1s(C2s+C3s+G2) 
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C 1 S 
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EXAMPLES AND EXPERIMENTAL RESULTS 
In this chapter, examples of the derived band-pass, low-pass, 
and high-pass sections will be presented, Actual circuits were built 
in the laboratory and tested to show that the realization procedures 
which have been developed are not only correct but also practical. 
Example 1: Use the circuit of Figures 9 to realize an active-
tunable band-pass section with Q = 5 and the changes in Q_ when the 
center-frequency is tuned from 100 Hz to 250 Hz not to exceed five per-
cent. 
Solution: 
From Table 17, 
f 250 
N " j a r 2-5 
Qn " 1+NA *
 A > ° 
-0.05 = ~~^~- , A = 0.03636 
1+a.5A 
nn 1 + A o c 1+0.03636 ___ n 
K0 = 2%~T = 2xbX~^03636 = 285'° 
144 
K 
v . 0 _ 285.0 _ . 
S-N X5" 1U-° 
We let R = 1000 ohms, b = 100 
R = R (Q (l+A)-l) = 1000(5x1.03636-1) = 4181.8 ohms 
P R3 b 4181.8x100 ..... 
R 2 = Q^AT= 5X1.W36"= 8 0 7 0 2 o h m s 
CT = J'v = o mn onLvior == 69.198x10 1 2 farads 1 <o»R0 K„ 2x77x100x80702x285 0 2 0 
C2 = bC^ = 10
2x69.198xl.0~12 = 6919.8xl0_12 farads 
QQ(1+A)-1 5^.0363^ 
01 1+A 1.03636 4*UJ 
The normalized frequency responses of the gain when the output 
is taken from terminal 4 are shown in Figure 154. When the controlled 
gains are tuned from 285.0 to 114.0, there is no noticeable change in 
the phase angle; however, a small change is found in the magniudes in the 
neighborhood of the center-frequencies. As can be seen from Figure 154, 
the percentage bandwidth is almost constant when the center-frequency is 
tuned from 100 Hz to 250 Hz, and thus results in very slightly change 
in QQ. 
The input impedances of the circuit are found by Table 20 and are 
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114.0, changes in both the phase angle and the magnitude of the input 
impedance are very small. From Figure 155, only changes in the magni-
tudes are noticeable. The result can be expected from the equation for 
Z. (s) in Table 20 since we use controlled gains that are very much larger 
than unity. 
The output is taken from the output of a VCVS, therefore this 
circuit has a zero output impedance. 
Example 2: Use the circuit of Figure 88 to realize an active-tun-
able maximally-flat-response low-pass section with the changes in Q_ 
when the cut-off frequency is tuned from 1000 Kz to 2500 Hz not to ex-
ceed five percent. 
Solution: 
From Table 18, 
N = !i . 2500 
fQ 1000 
AQ1 A(N-l) A . 
-V~1^A-' A >° 
0.05 = —(^HrTlP* A = 0.0862 2.5+A 
M = QQ(1+A) = 0.707x1.0862 = 0.768 
* 1 
Equivalent to Q = 
'2 
148 
We l e t R = 100 ohms, d = 0 - 1 , b = 0.001 
_ l-HTCl+l/d) 1+A _ 1+0.59x11 1 . 0 8 6 2 _ fi , 
K0 ~ M Q 0 ~ ~ 0.768 X - 7 0 7 X 0 ^ 8 6 2 " 8 6 * 8 7 4 
h = NK„ = 2 . 5 x 8 6 . 8 7 4 - 2 1 7 . 1 9 
C- - - ^ - ° - 1 ; 8 6 - 8 7 4 , - 18.0O17X1O"6 farads 
u 0 1 2 X T T X 1 0 J X O . 768x10 
2 
M Cl b 0.59x18.0017xlO~6xiQ~3 in«Q-. nn-6 -
C„ = — - — = = = 0.106196x10 farads 
2 d 10"1 
Rl 3 
R0 = ~ = 100x10 = 100K ohms z b 
Rl 
R., = ~ = 100x10 = IK ohms 
3 d 
R3 
A0(wQ)|= 0.707 |A0(o)=0)| - 0.707x~^ = 7,07 
The normalized frequency-responses of the gain when the output is 
taken from terminal 5 are shown in iigure 156. When the controlled gains 
are tuned from 86.874 to 217.19, there is no noticeable change in the 
phase angle; however, a small change is found in the magnitudes at the 
neighborhood of the cut-off frequencies. The percentage change in the 
magnitudes of the gains at the cut-off frequencies is 5 percent which is 
equal to the percentage changes in Q_. 
> 
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The input impedances of the. circuit are found by using Table 21 
and are shown in Figure 157, The input impedances have very small phase 
angles and, thus, can be assumed to be. purely resistive. The magnitude 
variation stays within 7 percent when the controlled gain is 86.874, and 
within 3 percent when Lhe controlled gain is 217.19. 
The output is taken from the output of a VCVS. Therefore, this 
circuit has a zero output impedance. 
Example 3: Use the circuit of Figure 90 to realize an active-
tunable maximally-flat-response high-pass section with Qn=5 and the 
changes in CL when the cut-off frequency is tuned from 100 Hz to 250 Hz 
not to exceed 5 percent. 
Solution: 
From Table 19, 
N = ! i , 250= 2.5 
fQ 100 
^1 =O^N)A > 
QQ 1+N '
 A U 
•0.05 = ^ ^'l]A , A = 0.03636 
1+2. JA 
M = Q„(l+A) = 0.707x1.03636 = 0.733 0 
We let R = 100 ohms, d = 0.1, b = 0.001 
. l+M2(i+l/d) 1+A . 1 + 0 ^ 1 1 ^ 7 0 7 1^636 . 189_95 
0 M Q A 0.733 0.03636 
152 
K..=!<U 1*^95 = 75.98 
IN N 2»5 
C- = ^ M = - 0' 7 3 3 = 0.614014x10 6 farads 
1 CU^O^KQ o.lxlOZx2xTrxlO"xl89.95 
C2 = bC = 10
 3xQ.614014x10 6 = 614.014xl0~12 farads 
c; = dC1 = 10
 1xG.614014x10 6 = 0.0614x10 6 farads 
p d R l 0.1x100 1 Q ( , 9 1 . 
R2 = ~r = 0^38^001 = 1 8 6 2 i 0 h m s 
M 
°1 A 0 ( u 0 ) | = 0.707 |A0(a^0 = co)| a o . 7 0 7 x ^ = 7.07 
The normalized frequency responses of the gain when the output is 
taken from terminal 5 are shown in Figure 158. When the controlled gains 
are tuned from 189.95 to 75.98, there is no noticeable change in the 
phase angle; however, a small change is found in the magnitudes at the 
neighborhood of the cut-off frequencies. The percentage change in the 
magnitudes of the gains at the cut-off frequency is 5 percent which is 
equal to the percentage changes in Q„. 
The input impedances of the circuit are found by using Table 22 
and shown in Figure 159. The input impedance has constant -90° phase 
angle, that is, capacitive impedance. As frequency increases, the magni-
tude of the input impedance decreases. 
The output is taken from the output of a VCVS. Therefore this 
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Example 4: Construct and test an actual circuit of Figure 9 to 
realize an active-tunable band-pass section with 0~ = 5 and the changes 
in Qn when the center-frequency is tuned from 101 Ez to 202 Hz not to 
exceed 20 percent. 
Commercial operational amplifiers are chosen for the VCVS. Two 
Motorola MC1741CG internally compensated operational amplifiers are used 
together with the following passive elements. 
Rx = 100 ohms 
R2 = 8450 olims 





The controlled gains are mechanically tuned by changing the feed-
back resistances in the universal circuits for realizing the inverting 
and non-inverting amplifiers. The actual circuit is shown in Figure 160. 
Data for the circuit of Figure 160 are taken in the laboratory and 
compared to the theoretical results. Outputs are taken from terminal 5 
so that the high-gain outputs can be easily measured. 
A.comparison of the theoretical and the experimental results is 
shown in Figure 161. The theoretical values of the center-frequencies 
when the controlled gains are 20, 25, 30, 35, and 40 are 202.55 Hz, 
162.04 Hz, 135.03 Hz, 115.74 Hz, and 101.27 II2:. The experimental results 
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Figure 160. The Test Circuit 
Some noises are present in the circuit. This is because the vol-
tage at termian 3 is very low. However, since the purpose of this ex-
periment is to show that the realization of the section is feasible and 
we have obtained good experimental results, no attempt in improving the 
VCVS is made. 
i .- 1,4 u «. A 1 + A (l-N)A , A(N-l) The relationships between A, — — , ~TT;T7— J and • •• -r,-,— are shown 
A 1+NA N+A 
in Figures 162 and 163 so that we can easily find the minimum required 
gains of each circuit. If the center-frequency or the cut-off frequency 
of the section is proportional to the controlled gain, as for all derived 
high-pass sections and some of the derived band-pass sections, Figure 162 
will be used. Figure 163 is used when the center-frequency or the cut-
off frequency of the section is proportional to the inverse of the con-
trolled gain, that is for all derived low-pass sections and some of the 
Theoretical 
Experimental 
60 70 80 90 
Figure 161. 
100 150 200 f Hz 250 
The Comparison of the Theoretical and the Experimental Results 
Ln 
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derived band-pass sections. For example, we will use the circuit of 
Figure 9 with 
Q0 = 5 




From Table 17, the center-frequency is proportional to the con-




= 0.2 for N = 2, 
we need A = 0.33. The value of (1+A)/A is also found in Figure 161 to 
be 4. Thus, 
Ko . = 2 ^ o f = 2x5x4 • 40 
m m 
For other values of K not shown in Figures 162 and 163 and for 
better accuracy, the exact formula to find A and (1+A)/A should be used 
When N increases, the minimum required gains do not increase lin-
early. For the same example, ff N = 4, then A = 0.091 and (1+A)/A = 12 
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CONCLUSIONS AND RECOMMENDATIONS 
It has been the purpose of this investigation to study a class 
of tunable active filters. The active filters of interest are realized 
by using VCVS as active elements. The center-frequency or the cut-off 
frequency of the filter is to be tuned within a range by varying the 
controlled gains of the VCVS. 
The synthesis of the network is confined to that of second-order 
transfer functions as needed for low-pass, high-pass, or band-pass func-
tions. This is to alleviate the high sensitivity of the pole positions 
to changes in the elements and arrive at simple circuits. 
In the research, the VCVS are assumed to have ideal characteris-
tics, that is, infinite input impedance, zero output impedance, zero re-
verse transmission, and ideal phase shift (either 0° or 180°). Passive 
elements are restricted to resistors and capacitors. 
The first class of tunable filter, the constant bandwidth, can be 
easily realized by using only one VCVS. It is possible to tune the 
center-frequency or the cut-off frequency of the filter by varying the 
gain of the VCVS. One such circuit is shown in Figure 1. Thus, the 
realization of active tunable constant bandwidth filter is quite a simple 
one. 
The other class of tunable filter, the constant percentage band-
width, has been found particularly useful in the analyses of sound ex-
162 
tending over a broad frequency range, ' ' It is this class of 
filter that has been investigated in this research. 
As a result of this investigation it was found that: 
1. At least two VCVS and a five-node network are needed. 
2. There is no practical advantage in increasing either the 
number of VCVS or the number of nodes. 
3. The controlled gains, K 's, of the VCVS should be kept at 
their minimum values so that the VCVS can be easily realized. 
4. The ideal characteristics of the filters are approached when 
the controlled gains of the VCVS are very much larger than unity. How-
ever, finite values of K 's have to be used in actual circuits and 
result in slight changes in Q» when the center-frequency or the cut-off 
frequency is tuned. 
5. The minimum required gains can be obtained so that the change 
in Q_ will be within a given tolerance. 
6. The minimum required gains can be achieved with two VCVS and 
a five-node network. 
7. The minimum required gains do not change when the number of 
nodes and the number of VCVS are increased. 
8. Two VCVS and five-node network are used in realizing the fil-
ters . 
The basic approach used in this research is described in Chapter 
II. The circuits applicable for band-pass section are derived in Chapter 
III. Chapter IV shows the circuits applicable for the low-pass and the 
high-pass sections. Eighty circuits are found for the band-pass sections, 
and thirty three circuits each are found for the low-pass and the high-pass 
sections. 
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The minimization on the controlled gains and on the number of 
passive elements are made in Chapter V. A group of optimum circuits 
are chosen and shown in Tables 17, 18, and 19. The input and output 
impedances of these circuits are derived in Chapter VI and are summa-
rized in Tables 20, 21, and 22. 
Several design examples are presented in Chapter VII. An actual 
circuit was built in the lbaoratory using two commercially available 
operational amplifiers. The experimental results are very close to the 
theoretical ones. Some difficulties were found in the experiment due 
to the saturation of the operational amplifiers when their peak-to-peak 
output voltages exceeded approximately 25 volts. The input voltage to 
the network had to be restricted. Noise also was appreciable in the net-
work; however, the experiment was satisfactory,, Improvement can be made 
by improving the VCVS. A noise and harmonic rejection circuit could 
be used. 
Further study can be made for other types of controlled sources, 
namely, the current controlled current source (CCCS), the current con-
trolled voltage source (CCVS), and the voltage controlled current source 
(VCCS). 
As shown in the examples, there are quantities that can be chosen, 
such as the values of the resistances and the ratio of the capacitances, 
in order to yield a circuit with the desired input impedance of the desired 
gain in the pass-band. When a certain criterion is given, these values 
can be optimally chosen. Computer-aided programs can also be used to 
simplify the design of the filters. 
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APPENDIX A 
THE DERIVATION OF D(s) FOR THREE VCVS NETWORKS 
For the proposed procedure of realizing the constant-Q tunable 
filters, we need the coefficient of s in the denominator of the voltage-
transfer function to be in ascendent or descendent order of K . That 
is, if we have D(s) in quadratic form of s, 
D(s) = P(K0)(a0+a1K0s+a2KQS
2) (A-1) 
or D(s) = Q(K0)(a^KQ+a|K0s+a^s
2) (A-2) 
where PCK„) and Q(KQ) are functions of K~. 
If only two VCVS are given, then in order to achieve D(s) as in 
(A-1) or (A-2), it is necessary that P(Rft) and Q(K(J are constant. For 
example, 
D(s) = aQ+a K0s+a2KpS
2 (A-3) 
or D(s) = a^+a^s+a^s 2 (A-4) 
Equations (A-3) and (A-4) show D(s) in the same form as the denominators 
of equations (5) and (9). 
When three VCVS are given, D(s) of second-order or higher-order 
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can be used. If we use D(s) of second-order, then P(Kn) and Q(Kn) 
will be constant and D(s) will have the same form as in (A-3) or (A-4). 
However, if we assume further that Kn is very much larger than unity, 
we can let the coefficient of s be the function of K» and Kn. That is 
D(s) = (C 0+C 1K 0)+C 2KQS+C 3KQ S
2 (A-5) 
We then approximate the coefficient of s by the term containing K . 






Equation (A-6) has the same form as (A-l) with P(K~)=K_. We can also 
2 0 





We then approximate the coefficient of s by the term containing K_. 
D(s) - C^KQ+CJK2S+C^K0S
2 (A-8) 
= ^(c^+c^s+c^s 2) 
Equation (A-8) has the same form as (A-2) with Q(KQ) = KQ. 
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If D(s) is a third-order function of s, then with three VCVS, 
we can choose D(s) to be 
D(s) = b Q + b ^ s + b ^ s ^ b ^ s 3 (A-9) 
or D(s) = b^KQ+bjKQS+b^K0s
2+b^s3 (A-10) 
Since we are interested only in the second-order D(s) by the 
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